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ON A GENERALIZATION OF HILBERT’S INEQUALITY | 


YANG BICHENG AND LOKENATH DEBNATH 


ABSTRACT : In this paper, by introducing a parameter А, we give a generalization of Hilbert's 
inequality, we also consider its equivalent form and the corresponding integral form. 


2000 Mathematics Subject Classification : 26D15 
Key words and phrases : Hilbert's inequality ; weight function coefficient; Cauchy's ineqality 


1. INTRODUCTION 
If 0 <У а? «оо, and 0 СЭН «оо, then 


Уу 


nel m=) 





ee сан | лах) 


n=] 


where the constant л is best possible (see Hardy et. al. [1]). (1.1) is well .known as Hilbert's 
inequality, which is important in analysis and applications (see Mitrinovic [2]). Its equivalent 
form is 





204 2 | | 
SS) «л ЭХЭ Jd 


n=] \т=1 nal 


where the constant T? is best possible. The corresponding integral form of (1.1) and (1.2) 
are : 


If 0< m f^ (tdt «c», and 0« | 8(0ф «оо, then 


j| eaa, «л (Coe ooa]; 2. (13) 
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2 
“(ЕЛ 1f” pr. : 
n суф) «л | f(x)dx, ... (1.4) 
where the constant X and T? are still best possible. 


In recent years, Gao [3,4] and Pachpatte [5] made some И of (1. 1). Ву 
introducing a paramater À, Yang [6] gave а generalization of (1.3) as 


| | лою 
41 (x+y) 
% 
«(3 ӘН 1-4 p2 wafa" он) ; (0<2<1). ... (1.5) 


where the constant в(2.5) is B-function В(р,4) for p = ӯ = №2. 


Recently, Kuang [7] proved the following inequality 
Г “ FOO) р 


0 x^ y^ 


y | 
Тар ТЕ Mf (wax | x soy) , (2<4<1) ... (1.6) 


for 12 Zub both (1.5) and (1.6) reduce to (1.3). 


In this paper we use methods similar to those of Gao and Yang [4] and Kuang [8] 
to generalize (1.1) with a best possible constant factor. We also consider its equivalent form 
"which is more general than (1.6). 


2. THE EXTENDED SERIES FORM 


Lemma 2.1. For A > 0, define the weight function @;(y) and the weight coefficient 
as @,(n) respectively by 


11 
2 


2 
оону) dx, y € ( 0, ео), ... (2.1) 
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11 


4-01 nyc i i | 
Es neN. ... (2.2) 


nil 


Then we have Q,(y) y ^n/À, y е ( 0, о) and for O< AS 2, 


@,(n)<@,(n), п e М. 


Proof. Substituting t = * ^ х» we find 
1 
e = i TE 1) шэн а 


= Габа", 


11 
Since, fr 0 <A <2 22550 then f(x) = : т 29 is strictly decreasin 
| Re Bere, : : 


1 (0,5). Hence, we have Ф, (п) < @,(n), n є М. The lemma is proved. ы 


Lemma 2.2. For À > 0 and 0 < Е < №2, we have 


x"5Jo 1+ulu 


Le 
Fa 0) ^ dudx = On)(e 0). 7 (03) 


Proof. Since 0 < ғ < A/2, then we have 


Le 
0 « | Ry ОТ 2 -dudx 


х" Јо 1+и\и 
le 
ы” 
3 
« ГУР) dudx 


„Б а, dx= 16/3. 





А 


li 


This shows that (2.3) is valid. The lemma is proved. и 
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> 4-4,2 ” 1-4,2 
Theorem 23. If 0 <A < 2, 0« 7 п”аі<-ала 0« 7 п bi <e then 


1-4,2 1-4,2 
теп n "a n ^b , ... (2.4) 
Dr чача. 
where the constant (TJA) is best possible. In particular, for X = 1/2, 2, we have 


"A % 
Ir ЭСА, ; а (2.5) 


a= edm nal nel 





У, < “ыы 251 ы} | ... (2.6) 


тті n= nai б 


where the constants 27 апа 1/2 are best possible. 
Proof. By Cauchy's inequlity and Lemma 2.1, we obtain 


Sa | 


mel n= Sint +n? 
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m=} n=] (m +n ) 
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Inequality (2.4) is thus proved. 





11,6 
For є е (0, 22), setting d, Gy Sn (n N), then we have 
n 
O ax? 1 
Ул 4, 5 ІзЕ апа 
n=} nal 








n=] n-2 
1 
<1%) poesis 
Hence, we find 
Meg ==+00)== (+00) (£ 9 0*); ... (2.7) 


nel 
I € 


In view of (2.3), and ak) ers (cro jme hate 
ии 





55.38. Е” 


mal] n= m? ыг m=} nel 


П) 


(Putting и = ми, ) 
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lel 1 (1+8 
Sae e Ee 
iw ene 
E e om 
7 ALA ed 1+и\и 
bd 
- [Г ын rep duds 
1x90 J+u\u 


Ilie 1 (ТАНЯ 
Ё Hig оо a-o) 


111 ELE + 
= Х| а+00)-04) J- t0 «o0» (€ = 07) ... (2.8) 





Suppose there exists a positive integer K < л such that (2.6) is valid by changing 
7/ to К. Hence by (2.7) and (2.8), we get 
2240) < Y. т < KY пт 1-42 -2Како) (Е—>0*). 
n-i nai If n=] 
It follows that e К, which contradicts the fact that К < TA Hence the constant 


ли in (2.6) is best possibel. The theorem is proved. ы 


Theorem 24. If 0 «352, 0<), n'a) «vo, then 





$ = а, 3 <(z A 2 ~ @9) 


n=l те m^ n^ nel 


2 
Inequality (2.9) is equivalent to (2.6). The constant (7A) in (2.9) is best possible. 
In particular, for A = 1/2, 2, we have 


SH) can Y Улай; 22 (2.10) 


n=] m=] nal 


ON А GENERALIZATION OF HILBERT'S INEQUALITY 
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а, л 1, 
Ул Уг үй TA. 
m +n 4 п 
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2 
‚where the constants 4л? and Л 4 are best possible. 


. (2.11) 


lan 


f. Si “4420, th tsk, € N, h that for k> k,, 
Proof. Since > а еге exists k, е М, suc о қ е 


Putting b,(k) = Ёл н E (k > kj, then, by (2.6), we have 
mal m 


2 
0« Y abdo = Уһ с) 
n=l 


m +n 


nal 


» la, |b, (8) 
7 YO m^ m+n 


nel m=] 


8 
2 ee -à ФУн ES 


nx] 


$ (2,12) 


and then 
l| Y (тұ 
Sn Yu (>К (os 
Hence we find 0< V 7 nb; (өө), and for , k — ee, by (2.6), we still have the inequality 
(2.12), and 
с e а ү e ll | (z 
Ха) Br Sate) EU 


Inequality (2.9) is valid. 
On the other hand, if (2.9) is valid, by Cauchy's inequality, we obtain 


33:554- ДЫ pn 


nel 





ie 


Ше 
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< Уа [Sot Эн zie жор ... (2.13) 


n=l m-l nzl 
By (2.9, we have (2.6). Inequality (2.9) is equivalent to (2.6). 
2 
., If the constant (4 іп (2.9) is not best possible, using (2.13), we may get the same 


result that the constant А іп (2.6) is not best possible, which is а contradiction. This proves 


the theorem. | : u 


3. THE EXTENDED INTEGRAL FORM 


Theorem 3.1. If A > 0, 0< К (7^ у? (ту dt < оо, 
апа 0< [e (1) dt «oo then 


Г “20080) diy 
о J0 х^ +у* 


< ie I-A p2 (x) dx[ D ки | 52124) 


* qal pt Fx) 
Ї» (acm 


2 оо 
< (z) | x^ р(х) dx, a (32) 


| 2 
where the constants ZA and (A) are best possible. Inequalities (3.1) ang (3.2) are 
equivalent. 


Proof. By using Cauchy's inegality, we obtain 


[22 FEN а 


o хау” 
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1 1 1-1 
= fo (xw fo (y 
| К E =) (х^ £y 5 хі о 


Q^ +y* 


i 1] 


s а үн 
[ Ї (х^ угуй y. 


1 


K 
1 
2 Aaa 
Х| П- 8 Em uo } дхауу . КЕСЕ 


Q^ жу 


If (3.3) becomes egality, then there exists numbers А and В, such that (see Kuang 
[8], p. 29) 
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1-1 
2 Азу а 2 а ўза 


It follows that x?”* Роз- yo 5. go) = const. а.е. in (0, e») x (0, ©), which contradicts 


the fact that о< ри Р) dt « о. Hence (3.3) becomes a strict inegality, and then 


. 5 % 
[ 10089) 2 duy < | w(x) f? (x) а, @; ()8° (5) ay} 


o x^ +y 
By Lemma 2.1, we obtain (3.1). 


If the constant ли, іп (3.1) is not best possible, then there exists a positive number 
К < Ли, such that (3.1) is valid by changing (74) to K. For ке(%), setting f(t) as: 


fo) = 0, forte (0,1); fi) = rt, for te П, о), by (2.8), we have 


л РРР) 
i, +0 = | VIA dud 
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217 К 
« JE ^ Р (x)dx = ze 50%); 


It follows that ли <k, which contradicts the fact that k < л. Hence the constant ZA 
in (3.1) is best possible. 


There exists 7, > 0, such that, for T > T, > 52 a ee Writing 


: 
(У.Т) = у^], aea. y € (0,9), 


we use (3.1) to obtain 


гә уі, > 


Т 
[oso a 


x +y 
= ЙГ f COO T) 
x^ +y 
л Т 1-Я 22 Ф| 1-4 2( n4 d 
< 2175 Р(х) o #8 Лау ап 
Ї YEOT dy = | у” fr ХЭ a ЗГ 
лүп ы 
< (=) | x! f*(x) dx. NEC 


Hence, we have 0< | y ^g! (y,os) dy <. For T — о, still by (3.1), we have (3.4), 


and i 


в Hpi Жо) зға) dii ГУЧ Жее Je < < (S) foe 


Inequality (3.2) is valid. Following the result (2.12) in Teorem 2.3, we may show that 
(3.1) and (3.2) are equivalent. From the equivalence of (3.1) and (3.2), it follows that the 


2 
constant (74) in (3.2) is best possible. The theorem is proved. ш 
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Remarks 3.2. For А = 1 (2.4) reduces to (1.1), so (2.4) is а new generalization of 


(1.1). Similarly, (2.5), (3.1) and (3.2) are new generalizations of (1.2); (1.3) and (1.4) 
respectively. Since the constant factor A, in (3.1) for X € (0, ео), is best possible. Inequality 
(3.1) is more general than (1.6). 
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ON THE ORDER AND TYPE OF DIFFERENTIAL MONOMIALS 


Замлв Kumar Datta 


ABSTRACT : In the paper we study the relation between the order (type) of a transcendental 
meromorphic function and that of a differential monomial generated by it. 


AMS Subject Classification (2000) : 30D35 
Key words and phrases : Defferential monomials, Transcendental meromorphic function, Order, Hyper 
Order, Type. 


1. INTRODUCTION AND DEFINITIONS 


Let f be a transcendental meromorphic function defined in the, open complex plane С 


k 
n, be non negative integers such that Yin, 21. We call 
1=0 


plf15af^(foy ...... (f),"" where T(ra) = S(rf) to be a differential monomial generated 


and Hua Ho ses 


A k 
by f. The numbers y, -Yn and Г, -Y +1)n, are respectively called the degree and 


1=0 ı=0 


weight of P[f]. 
In the paper we establish the relation between the order (type) of P[f] and f. 
The following definitions are well known. 


Definition 1.1. [4] For a e C U {=} we denote by n(ra; f 1-1) the number of simple 
zeros of Ға in |21|< г. Nina; ҒІ-1) is defined in terms of n(ra; f|=1) in the usual way. 
Also we put 


: Мг, a; flzl) 
ó (a; f) =1—Lim sup ———— — — 
a ET: 
Yang [3] proved that there exists at most a denumerable number of complex numbers 


a € Со {5} for which б. (а; f) > 0 and YA f) s4 
| aeCu{or} 
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Definition 1.2. Тһе order p, and lower order А, of а meromorphic function f is 
defined as 


p,- lim gp E TUS D 10, f 
гэв logr 

and à= lim inp eee) 
тэ орг 


if f is entire then 


[2] 
p,- Шт sup log M(r, f) 
n logr 
[2] 
г-ме logr 


Definition 1.3. The hyper order p, and hyper lower order A, of a meromorphic funciton 
f is defined as 


log? T(r, f) 


гэ log г ra log r 


If f is éntire then one can easily verify that 


[3] 
р, = lim кір СЕ S) Ии) 
re log r 
a 3) 
adl tia at Men 
г log r 


Definition 1.4. The type. of c, a meromorphic function f is defined as 


0, = lim Sp. 0< p, < e. 


т-эжю r” 


In the paper we do not explain the standard notations of value distribution theory as 
those are available in [1]. 


2. LEMMA 


In this section we present a lemma which will be needed in the sequel. 
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Lemma 2.1. [2] Let f be of finite order or of non-zero lower order. № уб, (a, f) 4 


BEC {co} 


МЕРЫ зау аш ase. 
Шеп lm = Г,-(Г,-7,) Ө (>, f). 


3. THEOREMS 


In this section we present the main results of the paper. 


Theorem 3.1. Let f be of positive finite order and Уд, (a; f) x 4 Then the order 
a&Cu[»] 


of P[f] is same as that of f and type of P[f] is ЇГ,-(Г,-7,) 9 (co, f)} times that of f. 
Proof. Let р, P, be the orders and т, t, be the types of f and P[f] respectively. 
Then by Lemma 2.1 we get 


p= іші sup log T(r, P[ f]) 
гә logr 


ЭРЭЭ logT(r,f) logT(r, PLf]) 
235 logr  logT(r,f) 


p, lim sup ВР 
Pun log T(r, f) 


lA 


tog PUD +log7(r, f) 


; Tír, f) 
lim su 
Mw logT(r, f) 


= P ... D 


Again p = lim up D 
1~joo 


T(r, f) 
log ——— — + log T(r, PLf)) 
< P» lim PT BBC 011522 222 
pen log Tr,[fD 


= p, 0) 
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From (1) and (2) we get p, = p} 


Now by Lemma 2.1 we see that 


T(r, PIFI) 
r^ 


a 
it 


lim sup 
ra 


; А . T(r, 
im sp ED im шин 


li 


lr, -a, -y,) 9 9}. 


This proves the theorem. 


Theorem 3.2, Let f be of finite order or of non zero lower order. If Уб, (а; = 4 


ВЄСХДӨӨ) 


then the lower order of P [f] is same as that of f. 


The proof is omitted. 


Theorem 3.3. Let Pbe of finite order or of non zero lower order. Also let Уб, (4:0-4 
қ авС\ {о} 


Then the hyper order of Р [f] is same as that of f. 
Proof. Let р, р, be the hyper orders of f and P [f] respectively. 


2] 
Now in view of Lemma 2.1, tim 198 TG, РУ) exists and is equal to 1. 


r^ log! Те, 
Thus we get, 


[2] 
р, = tim sup TO PUD 
r3 log г 


= lim sup 


ro 


log? T(r, f) log"?! T(r, PLA) 
logr  ' log^T(rf) 


2 (21 
"m здр 05 TOA) m e Р) 
гә орг = (ор T(r, f) 


= Pie 
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Theorem 3.4. Let f be of finite order or of non zero lower order and У ёа; 9 =4. 
зас] 


Then the hyper lower orders of РЇЇ and f are same. 
The proof is omitted. 
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FURTHER GROWTH PROPERTIES OF COMPOSITE ENTIRE 
AND MEROMORPHIC FUNCTIONS | 


ЗАмив Kumar Darra, 


ABSTRACT : In the paper we study the growth of composite entire and meromorphic functions which 
improve some known results. 

AMS Subject Classification (2000) : 30D35, 30D30 

Key words and phrases : Entire function, meromorphic function, composition, growth, order. 


1. INTRODUCTION AND DEFINITIONS 


Let f and g be two transcendental entire functions defined in the open complex plane 


T(r, fog) dd ане T(r, fog) 
. T( гэе T(r,g) 
comparative growth properties of log T(r, fog) and T(r, f). He [8] also raised the question 
of investigating the comparative growth of log T(r, fog) and T(r, в) which he was unable 
to solve. However, some results on the comparative growth of log T(rfog) and Т(т,р) are 
proved in [4]. In the paper we further investigate the above question of Singh [8] and study , 
the comparative growth of log T(r, fog) with T(rf)(log T(r,f)}* and T(rg)(log T(rg))* where 
f is taken to be meromorphic, g is entire and k > 0. 


C. It is well known [2] that lim = оо, Singh [8] proved some 
ro 


If f and g are of positive lower order then Song and Yang [10] proved that 


rt 


log?! M(r, fog) _ ша ов MG, Гор) 


lim ——.————52- = о, wh 
кв log? M(r,f) >= Шор МҚ», g) шэн 


logi x = log(log"! x) for К = 1,2,3, ... and log?x = x. 
Also in the sequel we use the following notation : 
ехрМх = exp (ехрі!!х) for К = 1,2,3, ... and ехрбх = x. 


Since M(r, £) and M(r, g) are increasing function of r, d and Baloria [9] asked 
whether for sufficiently large В = R(r) 


20 SANJIB KUMAR DATTA 


121 21 
log u fog) |. sd lim sup En fos) - "A 
lo og M(R, f) 308 Mig .. | 


Singh and Baloria [9], Lahiri and Sharma [6], Liao and Yang [7] worked on this question. 
In the paper we;throw some-light-on the comparative. growth of log"'M(r, fog) and log M(r, 
8) where f and g are. any two entire functions. .We also study about the estimation of lower 
order of a composite 'mieromorphic function whose left factor is of zero order. We do not 
explain the standard notations and definitions of the theory of entire and meromorphic functions 
as those are availabe in [11] and [3]. 


Definitions 1.1. The order Pr and lower order А, of a meromorphic function is 
defined as. . © > . од Ё 


р; = ГЭ” and A, = i ы : 
ne r г logr 


If f is entire, one can easily very that 


121 
ЖЕТІ Pr = imp MED y and А = : lim inf ‚log?! Мо.) 
булыу. у logr : рк logr 


-* 'Definitión:1.2. [7] Let f be a. meromorphic: ВиО ii order zero. Then p, and A, 
are defined as follows : | 

RS ‘tog T(r, D. MT f 
1 m = йыр ЕТ "ор, and. х, = lim ie ETE. 


“If E is entire, then cleäirly ` 


ые» Ж ЖБ A E қ | 
131 S | (31 
, : гю log T Е: : ro» | loz r 


Definition 1.3. The type б, of an entire function f is defined as | 
0; = limsup EN, 0 < р, < гаг? 
r—yoo 
2. LEMMAS ` 
In this section we present some lemmas which will bé needed in the sequel. 


Lemma 2.1. [2] If f and^g are entire functions, for.all sufficienctly large values 
Ог G ou Be Saget 1 


NEP T. 1 а D LE Ml 
E - . Я Қы 


M(r, fog)? ММС, g-18(0)1, f. 


У 
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Lemma 2.2. If f is meromorphic and g is entire then for all sufficiently large values 
of r, | ` 
Lemma 2.3. [5]. If f is а non constant entire function of finite order then 
timing EMCO 
roe T(r, Оов Та, £] 
Lemma 2.4. Let f be an entire function such that 0 < p, < =. If ©; and 6,9 be the 
respective types of f and f? then 059 <(25)7, where К = 0, 1, 2, 3, ...... .' 


=0 where k > 0. 


Proof. It is known from G. Valiron (1111, p.35} that 
"MG. )- LO) s Mtr SIMON, 


Noting that of? = p, we get from the second part of the inequality for г 2 1, 
Mm f*?)s MQ*r, f) 


Jog M(r, f?) 2 log M(2! г, p 


Кур; 
ЕДІ сур ®) 


log M(r, 7%) < 94 limsup E MQ N) 


or  limsup 
ram pe EE (2* ry? - 


о, Oo? sQ')'s,, which proves the lemma. ` 


Lemma 2.5. Let f be meromorphic and g be entire such that х, <>. If А = oo,then 
for every positive number А, 


log T(r, fog) _ НӨ 
r>» log Mr? g®) where К = 0, 1, 2, 3, a» ras : 
Proof. Let us assume that the éonchision of the lemma does not hold: ' 


Then there exists a constant В > 0 such that ` 


log T(r, fog) 


pari log РВ X. МО", z557 ИШ «oe, provided the limit exists. Then for all larger r, 


logT(r, fog) <(и+Е) log?! M(r?, g?) хых | : | = weh) 
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Again, for a sequence of values of r, tending to infinity, 
log?) M(r?, g?) < (A (K) +6) B log r = (A, * e) Blogr 12) 
Thus combining (1) and (2) we get for а sequence of values of г tending to infinity 
log T(r, fog) < (р + ғ) Qut =) B log г 
which implies that A,, < ee. This is a contradiction. 
Thus the lemma is proved. 
3. THEOREMS 
Іп this section we present the main results of the paper. 
Theorem 3.1. Let f be meromorphic and g be non constant entire such that p, and 


p, are finite. Then 


lim inf — egT(r fog) — Tr, fog) 7 
>= T(r, g){logT(r, 8)) 


Proof. By Lemma 2.2 and T(r, g) < log* M(r, g) we get for all sufficiently large values 
of r, 


=0 where К > 0. 


log T(rfog) < log T(M(rg) f) + log (1 + 0(1)) 
or log T(rfog) < (p, + &) log M(rg) + log (1 + 0(1)) 


logT(r, fog) — (p, + )1оБ М, в) +1ов(1+001)) 


... (3 
T(r, g)(logT(r, g)) T(r,g){logT(r,g)}* 4, 
Now by Lemma 2.3 it follows from (3), 
logTtr, fog) 


lim inf ---- = 
гэ» T(r,g){logT(r,g)} 


This proves the theorem. 
Remark 3.2. Considering f = g = exp z one can easily verify that no term in the 
log T(r, fog) 
Tir, g)(logT(r,g))* 


Remark 3.3. The condition p, < оо in Theorem 3.1 is necessary which is evident from 
the following example. 


denominator of can be removed. 


Example 3.4. Let f = exp?! 2, в = 2 and К = 1 


FURTHER GROWTH PROPERTIES ОЕ COMPOSITE ENTIRE AND MEROMORPHIC FUNCTIONS 23 


Then and р, = œ and р, = 0. 


Since T(r, fog) - Ge and 


(27 r 
Тг, в) < log Mr, g) = log r it follows that 
log T(r, fog) " г-410 74-00) 
T(rg)ülegTG.g)) ^ logrüog?r] — ' ' 
which implies that 


loggT(rfog) _ г 
гэе Т(т, 8) {105 Т(т,8)  - 


Theorem 3.5. Let f and g be two entire functions such that p, and p, are finite. 


Also let A,> P, Then limin jo EN E 
rae T(r, f){logT(r, f) 


Proof. Since A, <р, we can choose €(>0) in such a way that p+ е < Àe. By Lemma 
2.2 and T(r, g) S Іор"М(г,р) we obtain fro all sufficiently large values of г, 


log T(rfog) < (p, + £) log M(rg) + 108{1 + О(1)) 


logT(r, fog) 
T(r, f)(logT(r, /)}* 


М 


lgM(rf)  logM(r,8) 1. Довїїхо0)) 
T(r, f)(logT(r,f))! logM(r,f) T(r, flog T(r, f) 


Again for all sufficiently large values of г, | 


< (Pp, + ©) .. (4) 


log M(rg) < 1975 and log M(rf) > гаг 
Thus from (4) we obtain. 


log7(r, fog) 
T(r, f){log T(r, /)}* 





log M(r, f) re ,.. gil о0)) 


5 0659 Fe Plot. AF ёгт ТОРОТ AY _ 
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or limin ee fos) 
roe T(r, f)(logT(r, f)) 


log M(r, f) E s 

< + gyliminf———— Д2 РАНЕНЫ ‚ (5 

(p, + Ef ов ТО, D ter = 
Now by Lemma 2.3, the theorem follows from (5). 


Remarks 3.6. The following example shows that the condition À, » P, in Theorem 
3.5 necessary. 


Example 3.7. Let f = exp 2, g = exp (22 and К = 1. 
Then А, = p, = 1 and р, = 2., 


Now 3T (2rfog) > log M(rfog) - ехр(г?) 


S. 2 CR. 
or, logT(r, fog) 27 + 00) | 


and T(r,f)=— 
Lo ah (OR 
Thus it follows that 


log T(r, fog) > (2). 00 и 
T(r, f){logT(r,f)}* — (£){logr + 0(0) 


im ETOP) o | 
тэс ТО (оқ зз. ose 


Theorem 3.8. Let f and g be two entire EA such that 0 < à <œand 0 < p, 
«оо. Also let 0 < 6, «оо, Then - 


ie. 


log”! M(r, fog). 4, 


limsup Фу 27879; 


гээ  logM(r,g 
where К = 0, 1, 2, 3, ...... : 


Proof. Let 0 < € < min ( A,, б, J. Then for a sequence of values of г tending to 
infinity we obtain. 


LogM(&s)»(o,-E8)* — ^ | ... © 
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Again from Lemma 2.1 we get for all sufficiently large values of r, 
log?! Mtr, fog) > (A, — е) log + (A, -Е)Ю8М($, в) е (7) 
Now for а sequence of values of г tending to infinity it follows from (6) and (7) 
log?! M(r, fog) > (A, — е) 10815 +(A, — Xo, — eX4)"* © 8) 
Again by Lemma 2.4 we get for all large values of г, 
log M(r.g) «(099  &)r^t <(2 o, «ву?! ... (9) 


So from (8) and (9) it follows for a sequence of values of r tending to infinity, 


£)log— + (A, – £Xc, – €) ` 
log?! M(r, fog) „ К. саг ... (10) 
log M(r,g ?) (2а, +)" 


Since Е( > 0) is arbitrary we get from (10) 


log?) M(r, fog) А, 


lo og M(r, 8%) 205) d (1 3) 


lim зир 


This proves the theorem. 


Theorem 3.9. Let f be meromorphic and g be entire such that O< A, S p,,, «оо and 
0« À, <р, <. Then for any positive number A, 


A 2-0 T(r, fog) 
AL «lim 8 5. < Ава. 
Ар, гэн gro" ‚в ©) АМ 


< limsup 270708) Prs where k = 0, 1, 2 
ғо Іов Т (7, 2 ) АА, 


Proof. From the definition of order and lower order we have for arbitary positive € 
and for all large values of r, 


log T(rfog) > (An - €) log г ... (11) 
and log T(r^g?) < A(p,? + =) log r = Alp, + =) log г ... (12) 
Now from (11) and (12) it follows for all large values of г, 
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1 


log T(r, fog) A jog -E | 

И ge a 

log T(r^,g®) Alp, +8) 
As ғ (> 0) is arbitary, we obtain 


| 3 
liminf 28 705108)... “эн, ... (13) 
гэ» log T(r g^") Ар, 


Again for a sequence of values of r tending to infinity, 

log T(r, fog) < (Аи +€)logr | | ... (14) 
and for all large values of г, 

log T(r^,g?) > А(Я, – &)logr : 22418) 


So combining (14) and (15) we get for a sequence of values of r tending to infinity, 


log Ttr, fog) Ар, +E 
RI ТӨК ТУГЫ, : 
log T(r^,g ) A(A,-E) 


Since € (> 0) is arbitrary it follows that, 





. . в log T(r, fog) А 
liminf ——— 2 < ... (16 
гэв log T(r*,g)” AA, ас 


Also for a sequence of values of г tending to infinity, 
log T(r*,g)< A(A, - &)logr ... (07) 
Now from (11) and (17) we obtain for a sequence of values of r tending to infinity, 


log T(r, fog) А, —£ 
A TONO 
log T(r^,g"^) АЙ, +=) 


Choosing £— 0 We get 





log T(r, fog) . ^i, 202, 
‚imsuüp > : Ж m 
үсе [og Trt,g®) АХ, 18) 


Also for all large values of г, 
log T(r, fog) < (P pg + E)logr ... (19) 
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So from (15) and (19) it follows for all large values of r, 


log 7(r, fog) 2 Dg, tE 
log T(r*,g) А(,-6) 


As Е (> 0) is arbitrary. we obtain 


: log T(r, fog) _ Py, 

imup — a < 28 ... (20) 
"ou. log (r^g) АЛ, | 
Thus the theorem follows from (13), (16), (18) and (20). 


Theorem 3.10. Let f be meromorphic and g be entire such that 0 « A, S ру, <% and 


0« p, <=. Then for any positive number А, 


limint 08 OPO < Poe <jimsup log T(r, fog) 
гэе log T(r^,g у Ap, гэе log T(r^,g ?) 


where К = 0, 1, 2, ...... . 


Proof. From the definition of order we get for a sequence of values of r tending to 
infinity, 


log T(r^,g?)» Alp, — &)logr нэ 25:021) 
Now from (19) and (21) it follows for a sequence of values of r tending to infinity, 


log T(r, fog) Dg, tE 
A (К) < 
log ГГ’, 8“) А(р, —£) 


Ав 6 (> 0) is arbitrary we obtain, 


22. o log T(r, fog) -Pr 
liminf ES] < e ч 
зэх log T(rt,g®) Ар, = 


Again, for a sequence of values of r tending to infinity, 
log T(r, fog) > (ри – E)logr. ‚.. (23) 


So combining (12) and (23) we get for a sequence of values of r tending to infinity, 


ern) Ры 56-14608 [ 


log T(r*,g)” Alp, +8) 
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Since € (> 0) is arbitrary it follows that, 


log du fog) 
limsu > РЁ ... (24) 
= log ТО" ҒЫ” 
Thus the theorem follows from (22) and (24). 


In the next theorem we estimate the lower order of a composite meromorphic function 
whose left factor is of zero order. 


Theorem 3.11. Let f be a meromorphic function of order zero and g be an entire function 
such that А, «өө, If 4, «өө then Aj, «e. 

Proof. By Lemma 2.2 and the inequality T(rg) < log* M(rg) 

we obtain for all sufficiently large values of r, 


log T(r, fog) « logT (M(r,g), f) + ОС) 
log? M(r,g) log? M(rg) | 


logTír, fog) < ле 

inf S Ay «o | ... (25) 
ro» log^ М(г, в) 

by Ше given condition. 


Now by Lemma 2.5 and (25) it follows that А,„ «оо, This proves the theorem. 
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STRONGLY 0-B-CONTINUOUS FUNCTIONS 
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ABSTRACT : In the paper, we introduce a new class of functions called strongly 6-B continuous 
functions which is stronger than B-continuous functions and investigate their properties. 

AMS Subject Classification : 54С08 

Key words and phrases : ß-open, semi-preopen, semi-pre Ө-ореп, semi-pre @-closure, ß-continuous, 
strongly &-ß-continuous. 


1. INTRODUCTION 


A subset A of topological space X is called f-open [1] or semi- preopen [3] if 
A c Cl{Int(CKA))). A function /: X — Y is called B-continuous [1] if the preimage fm 
of each open set V of Ү 18 В-ореп i in X. Borsik and Doboš [5] introduced the notion of almost 
quasicontinuous functions to obtain decompositions of quasi continuity. Borsik [4], Ewert [6], 
and Popa and Noiri [14] independently: showed that B-continuity and almost quasicontinuity 
are equivalent of each other. Popa and Мо [15] intoduced and investigated weakly £- 
continuous functions which are called weakly semi-precontinuous functions by Ghosh and 
Bhattacharyya (71. Noiri and Popa [12] introduced and investigated almost B-continuity. The 
purpose of the present paper is to introduce and investigate a ӨСТЕН form of B-continuity 
called strongly Rt functions: | E 


2. PRELIMINARIES 


. Throughout the present paper, X and Y denote topological spaces. Let 5 be a subset 
of X. We denote the interior and the closure of a set S by Int (5) and CI(S), respectively. 
А subset 5 is said to be В-ореп [1] ог semi-preopen [3] (resp. a-open[9]) if S c CI(Int(Cl(S))) 
(resp. S c Int (Cl(Int(S)))). The.complement of a f-open (resp. semi-preopen) set is called 
B-closed (resp semi-preclosed). The intersection of all semi-preclosed sets containing 5 is called 
the semi-preclosure [3] of 5 and is denoted by spCl(S). The semi-preinterior of S'is defined 
by the union of all semi-preopen sets contained in 5 and is denoted by spInt(S). The family 
of all semi-preopen sets of X is denoted by SPO(X). We set SPO(X,x) = {U : x e U and 
U є SPO (X)}. A point x of X is called a @-cluster point of S if СКО) сэ S # $ for every 
open set U of X containing x. The set of all @-cluster points of S is called the @-closure 
of 5 and is denoted by CL(S). A subset 5 is said to be semi-pre-@-closed [16] if 5 = С 5). 


32 TAKASHI NOIRI AND VALERIU РОРА 


The complement of a @closed set is said to be @open. A point x of X is called a semi- 
pre @cluster point of S if spCI(U) N 5 #.for every semi-preopen set U of X containing 
x. The set of all semi-pre O-cluster points of S is called the semi-pre 6-closure (briefly sp- 
6-closure of S) and is denoted by spCl 45). А subset S is said to be зеті-рге-0-сіозеа (briefly 
sp-O-closed) if 5 = spCl,(S). The complement of a С set is said to be semi- 
pre-O-open (briefly sp-6-open). . 


Definition 2.1. A function f: X — Y is said to be 


(1) B-continuous [1] or almost quasicontinuous [5] if f^ Қу) e SPO(X) for each open 
set. V or Y, | | | | Эр 
(2) Weakly B-continuous [15] (resp. almost B-continuous [12] if for each x Е X and 
each open set V of Y containing f(x) there exists U е SPO(X,x) such that AU) c СКУ) 
(resp. ДИ) c Int (CI(V)). баз 


Definition 2.2. A function f : X — Y is said to be strongly T NAM (briefly 
51.0.В.с.) if for each x е X and each цэх эн у d Y containing Rx), there exists U e SPO(X,x) 
such that ДөрС(0)) c V. 


Definition 2.3. A function f : X — Y is said to be strongly-6-continuous [10] if for 
each x € X and each open set V of Y containing f(x), there exists an open neighbourhood 
U of x such that Ха) с Ёс. 


Remarks 2.5. (1) Strong: өр continuity is. stronger than Poni а хий! 18 weaker 
than strong O-continuity. ' 


(2) Strong 0-В-сопїїлийу and continuity are independent of each other as the following 
simple examples show. 


Example 2.6. Let X = slaba ts (ех. (ab)} and: o= (Ф, X,{c}}. Define а function 
f: (X, т) > (X, о) as follows : fa) = a, ib) = Кс) = с. Then f is st.0.B.c. but it-is not 
continuous. санал 


Example 2.7. Let X = {a,b,c} ава T= ( ФХ(а}, (аБ)), Then, the identity function 
f: (X, т) > СХ» is continuous but пої 5.0.В.с. at a. | 


3. CHARACTERIZATIONS | 
Theorem Р 1. For. a function f : X —. Y, The following properties are v equivalent : 


(1) fis strongly 6-B-continuous ; 
(2) f°) is sp-G-open in X for А ореп ‘set V of Y; 


(3). 7 (Е) is sp-G-closed in X for every closed set Е of Y; 
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` (4) fispCl{A)) c CI(f(A)) for every subset A of X; 
(5) spCl, (f ^(B).c ‘абв for every subset. B of Y. 
Proof. (1) -» Q: Let V be any open set of Y. Suppose that x e f^ (V). There exists 
U е SPO (X,x) sich that Дерс) c V. Therefore, we have xeUc spCl(U) cf ty. | 
This shows that f'(V) is sp-G-open.in X. 
(2) > (3) : This is obvious. i 


- 


(3) = (4) : Let A Бе any subset of X. Since CI(f(A)) is closed in Y, by (3) F (CIRA) 
is sp-@-closed and we have ; 

spCl{A) c spCl (f^ (ДАЛ) c PCF NCIA БА 

- Therefore, we obtain ХөрСі,А)) с СК(КА)).-. 


(4) > (5) : Let B be any subset of Y. By (4), we obtain f(spCl, ( ғау» 
с СЇ F’) сє СКВ) and hence spCl, ( £8» c f (CKB). 

(5) > aj: ‘Let x € X and V be any open "neighborhood of f(x). Since Y — V is closed 
in Y, we have spCl, (f (1- У) с P'O- V) = ҒҚУ- V). Therefore, f ын 
is ап sp-@-closed in X and f^ t V) is an sp-O-open set containing x. There exists U.e SPO 
(Xx) such that SpCIU) c f^ (V) ; hence fispCKU) с V. This shows that fis 51.0. p.c. 


Definition 3.2. A function f : X — Y is said to be faintly P-continuous [11] if for 
each point x е X and each Gopen set V containin f(x), there exists U e SPO (Хх), such 
that KU) c V. ? 


Theorem 3.3. Let Y be a regular space. Then, fora function f:X > Y the plains 
properties are equivalent : : | 


‚ (1) f is faintly B-continuous 2" 
(2) f is weakly B-continuous ; 
(3) f is almost B-continuous ; 
(4) f is icona uds : 

(5) f is «4.Ө Вс. | 


Proof. It is shown in [11] that (1), (2) and (4) are equivalent. Since it is obvious that 
(5) implies (4), we shall show that (4) implies (5). 
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(4) > (5) : Let x Е X and V be an open set Y containing ftx): Since Y is regular, 
there exists an open set W such that f(x) е W c CI(W) c V. Since fis f-continuous, there 
exists U е SPO(X,x) such that AU) с W. We shall show that f(spCI(7/)) c CKW). Suppose 
that y е СКИ). There exists an open neighborhood С of y such that GN W = Ф. Since 


fis B-continuous, (С) є SPO(X) and f^ (G) ^ U = Ф and hence f^(G) ^ SpCI(U) 
= Ф. Therefore, we obtain С N f(spel(U)) = Ф and y е f(spCI(U)). Consequently, we have 
ЖРСКИ) c CKW) c V. This shows that f is st.0.ß.c. 


Definition 3.4. A space X is said to be semipre-reguiar (resp. B-regular [2] or sp-regular 
[13] if for each semi-preclosed (resp. closed) set F and each point x е X — F, there exist 
disjoint semi-preopen sets U and V such that x є U and Р c V. 

Theorem 3.5. A continuous function f : X > Y is st.6.B.c. if and only if X is B-regular. 


Proof. Necessity. Let f : X > Y be the identity function. Then f is continuous and 
я.0.В.с. by our hypothesis. For any open set U of X and any point x of U, we have f(x) 
=xe U and there exists С е SPO (X,x) such that f(spCI(G) с U. Therefore, we һауе 
x €'G c SpCKG) с U. It follows from Theorem 2.1 of [2] that X is Pregular. 

Sufficiency, Suppose that f : X — Y is continuous and X is f-regular. For any x Е 
X and any open neighborhood V of f(x), f^!(V) is an open set of X containing x. Since 
X is f-regular, there exists. U € SPO (X) such that x е И c $РСКИ) c f^ (V) by Theorem 
2.1.of [2]. Therefore, we have f(spCI(U)) c V. This shows that f is st.0.f.c. 

Theorem 3.6. Let X be а semipre-regular space. Then f : X — Y is st.0.B.c. if and 
only if f is B-continuous. 

| Proof. Suppose that f is B-continuous. Let x е X and V be any open set of Y containing 
Дх). By the P-continuity of f, we have f^(V) є SPO (X,x) and hence there exists U є 
SPO.(X,x) such that spCI(U) е fV). Therefore, we obtain ХөрС(0)) c V. This shows 
that f is st.0.B.c. The converse is obvious. | 


4. SOME PROPERTIES 


Theorem 4.1. Let f : X — Y be a function and в : X > X x Y the graph function 
of f. Then, the following properties hold : 


(1) If g is st.O.B.c., then f is st.O.B.c. and X is B-regular. 
(2) If f is st.O.B.c. and X is semipre-regular, then g is 51.0.В.с. 


Proof. (1) Suppose that g is 51.0.В.с. First, we show that f is 51.0.В.с. Let x € X and 
V be an open neighborhood of f(x). Then X х V is an open set ot X х Y containing g(x). 
Since g is 51.0.В.с., there exists U є SPO (X,x) such that g(spCI(U)) c X x V. Therefore, 
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we obtain fispCl(U)) c V. Next, we show that X is B-regular. Let U be any open set of 
X and x € U. Since g(x) е Их Y and U x Y is open is X x Y, there exists С e SPO 
(X.x) such that g(spCI(G) U x Y. Therefore, we obtain x e С о) с U and hence X 
is B-regular by Theorem 2.1 of [2]. 

(2) Let x є X and W be any open set of X x Y containing g(x). There exist open 
sets U, c X and V c Y such that g(x) = (хКх)) Е U, x V c W. Since f is st.6.B.c., there 
exists U, Е SPO (X,x) such that f(spCIU,) c V. Since X is semipre-regular and О, ^ U, 
€ ЅРО(Х х), there exists U є SPO (X,x) such that x U с spCI(U) c U п U Therefore, 
we obtain g(spCI(U)) с О, x f(spCI(U)) c U, x V c W. This shows that g is 51.0.В.с. 


Corollary 4.2. Let X be a semipre-regular space. Then, a function f : X — Y is st.6.B.c. 
if and only if the graph function g : X Ou X x Y is st.OB.c. . 


Lemma 4.3. (Abd El-Monsef et. al. (11 Let А and X, be subsets of a space X. 
(1) If A € SPO (X) and Y is а-ореп in X, then А п Y є SPO (Y). 
(2) If A € SPO (Y) and Y e SPO (X), then A є SPO (X). 


Lemma 4.4. Let X be a topological space and A, Y subsets of X ‘such that A c Y 
c X and Y is a-open in X. Then the following properties hold : 
(1) АЕ SPO(X) if and only A е SPO (X), 
(2) ЗРСКА) су Y = spCL(A), where spCL(A) denotes the semipre- -closure of A 
in the subspace Y. 


Proof. (1) Let A є SPO(Y). Since every о-ореп set is B-open, by Lemma 4.3, we 
have А € SPO(X). Conversely, let А е SPO(X). By Lemma 43, А = A r^ Y e SPO(Y). 

(2) Let x є ЗРСКА) ^ Y and V е SPO(Y,x). Then, by (1) V e SPO (X,x) and hence 
V MA # 6. Therefore, x е spCl (A). Conversely, let x є $рСІ (А) and V є SPO (Xx). 
Then by Lemma 4.3 хє Уп Y e SPO(Y) and hence ф z Ап (VM Y) с A n V. Therefore, 
we obtain x € spCl(A) n» Y. 

Theorem 4.5. If f : X > Y is st.0.B.c. and X, is an о-ореп subset of X, then the 
restriction f/X, : X, > Y is st.0.B.c. 

Proof. For any х є X, and any open neighbourhood V of Дх), there exists И є SPO(X,x) 
such that f(spCI(U)) с У since f is st.G.B.c. Put U, = О г Х„ then by Lemmas 4.3 and 
4.4, U, Е SPO(X,x) and sp Cly, (Uo) C spCI(U,). Therefore, we obtain 


(f/X,)(sp Cl, (09))) = Дэр Cl, (U9)) с fispCl(U,)) c ХрС(0)) с V. 
This shows that f/ X, is st.6.ß.c. 2 
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Definition 4.6. A function f : X — Y is said to be 
(1) В-йтезоіше [8] if f (V) Е SPO(X) for each Ve SPO(Y), 
(2) pre-B-open [8] if RU) е SPO(Y) for each И є SPO(X). 


Lemma 47. lff:X-Yis нше апа V is an sp-O-open т Y, then f^ (V) 
is sp-B-open in X. 


Proof. Let V be an ѕр-Ө-ореп set of Y and хе f '!(V). There exists W е SPO(Y) 
such that f(x) eWc spCI(W) < V. Since f is P-ırresolute, we have f^! (W) e SPO(X) 
and f^(spCI(W)) e SPC(X). Therefore, we obtain x є f(W) с рс (У) с 
f (spCIW)) c f^(V). This shows that f7'(V) is ѕр-Ө-ореп in X. 


Theorem 4.8. Let f: X Y and g : Y >Z be functions. Then, the following properties 
hold : | 


(1) ЈУ is st.O.B.c. and в is continuous, then the composition g o f : X ә Y 
is 51.0.В.с. 


(2) Iff is Birresolute and g is 51.0.В.с., then g o f is st.0.B.c. 


(3) Т: X > Y is a pre-f-open bijection and g • o f: X > Z is 51.0.В.с., then 
g is st.6.B.c. 


Proof. (1) This is obvious from Theorem 3.1. 
(2) This follows immediately from Theorem 3.1 and Lemma 4.7. 


B (3) Let W be апу open set of 2. Since g о f is 51.0.В.с... (go f) (W) is sp-G-open 
in X. Since f is pre- -B-open and bijective, f^! is B-irresolute and by Lemma 4.7 we have 
g (W)= fes NM is sp-G-open іп Y. Hence, by Theorem 3.1 Я is 51.0.В.с. 


Let (X, :ae A} be a family of topological spaces, A, a nonempty subset of X, for 
each @EA And Х-- ПХ: “Е А} denote the product space, where А is nonempty. 
Lemma 4.9: (Abd El-Monsef [2] Let n be a positive. integer and 


“Аз IT. ‚Аз ха Xx Then the following properties hold : 


(1) А € SPO(X) if and only if A, , Е5РО(Х, ‚) for each j = 1, 2, ..., n. 


D зс, Ав) с IL. spCKA,). 
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Theorem 4.10. If a function f, : X, — Y, is.st.0.B.c. for each & А. Then the product 
function f: [[x, >] Е, defined by ftx) = 06,68) for each x = |х), із st.0.B.c 


Proof. Let x = [x J.€ Tx. and W be any open set of П>, containing foo. Then 


there exists an open set V, of Y, such that 


f= alee} TT, s «Паһ cW., | 
біпсе /, 18 51.0.В.с. for each a, there exists Uy €SPO(X,, X.) such that 


fa (PCI, )) C Vy for j = 1, 2, .., n. Now, put U = [I U, х] Xa; Then, it follows 
from Lemma 4.9 that U e SPO (ПХ „х). Moreover, we have 


ЖёрРСКИ)) с АП; ярСКО y) e IL... Ха) с IL, Sey (spCKU,, »x I. S 


J 
IL. V, «П,. Y,cW 
This shows that f is st.O..c. 


5. 51.0 В.с. FUNCTIONS AND SEPARATIONS AXIOMS 


A space X is said to be sp-T, or В-Т, [8] if for each pair of distinct points x and 
y in X, there exist U е SPO(X,x) and V є 5РО(Х,у) such that U п У = Ф. 


Theorem 5.1. If f : X > Y is a st.0.B.c. injection and Y is T, then X is sp-T,. 


Proof. Suppose that Y is Т,. Let x and y Бе any distinct points of X. Since f is injective, 
fo) # fiy) and there exists either an open neighbourhood V of f(x) not containing Ќу) or 
an open neighbourhood W of f(y) not containing f(x). If the first case holds, then there exists 
U е SPO(X,x) such that f(spCI(U)) c V. Therefore, we obtain Ду) € f(spCI(U)) and hence 
X—spCl(U) е SPO(X,y). И the second case holds, then we obtain the similar result. Therefore, 
X is sp-T,. 


Theorem 5.2. If f: X > Y is a st.0.B.c. function and Y 15 Hausdorff, then a subset 
Е = xy) : fx) = КУ) is sp-@-closed in X x X. 


Proof. Suppose that (x,y) е E. It follows that f(x) # Ду). Since Y is Hausdorff, there 
exist disjoint open sets V and W in Y containing f(x) and Ку), respectively. Since f is 51.0.Вс, 
there exist И е SPO(X,x) and С е SPO(X,y) such that fspCI(U)) c V and ДзрСКО) с 
W. Set D = Их С. It follows that (ху) є De SPO(X x X) and spCl(D) п E с [spCI(U) 
х spCl(G)] п E = ©. Therefore, E is sp-@-closed in X x X. | 2 
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For a function f : X — Y the subset ((xf(x)) : хе X} of X x Y is called the graph 
of f and is denoted by G(f) 


Definition 5.3. The graph G(f) of a function f : X — Y is said to be strongly sp-closed 
if for each (х,у) e (X x Y) - G(f), there exist U е SPO(X,x) and an open set V in Y containing 
y such that (SpCI(U)) x V) п СО) = Ф. 


Lemma 5.4. The graph СФ of a function f : X > Y is strongly sp-closed іп 
X x Y if and only if for each point (x,y) е (X x Y) — СО, there exist U e SPO(X,x) and 
an open set V in Y containing y such that f(spCI(U)) ^ V = Ф. 


Theorem 5.5. if f: X — Y is st.O.B.c. and Y is Hausdorff, then G(f) is strongly 
sp-closed in X x Y. 


Proof. Let (x,y) е (X x Y) - G(f). It follows that f(x) + y. Since Y is Hausdorff, there 
exist disjoint open sets V and W in Y containing f(x) and y, respectively. Since f is st.0..c.. 
there exists U є SPO(X,x) such that Д5рСКИ)) c V. Therefore, f/spCI(U)) A И = Ф. and 
G(f) is strongly sp-closed in X x Y. 

REFERENCES 


1. M. E. Abd El-Monsef, $. N. El-Deeb and К. A. Mahmoud, В-ореп sets and B-continuous 
mappings, Bull. Fac. Sci. Assiut Univ. A, 12 (1983), 77-90. 


2. M. E. Abd El-Monsef, А. М. Geaisa and В. A. Mahmoud, ß-regular space, Proc. Math. 
Phys. Soc. Egypt 60 (1985), 47-52. 


3. D Andfijevic, Semi-preopen sets, Mat. Vesik 38 (1986), 24-32. 
4. J. Borsik, On almost quasicontinuous functions, Math. Bohemica 118 (1993), 241—248. 


5. J. Borsik and J. Doboš, On uio a of quasicontinuity, Real Anal. Exchange 
16 (1990/91), 292-305. 


6. J. Ewert, On almost quasicontinuity of functions, Tatra Mountains Math. Publ. 2 (1993), 
_ 81-01. | 


7. Р. К. Ghosh and P. Bhattacharyya, Weakly semi-precontinuous functions, Bull. Calcutta 
Math. Soc. 90 (1998), 379—388. 


8. В. A. Mahmoud and M. E. Abd El-Monsef, B-irresolute and P-topological invariant, 
Proc. Pakistan Acad. Sci. 27 (1990), 285-296: ; 


9. 0. Njastad, On some classes of nearly open sets, Pacific J. Math. 15 (1965), 
961—970. 


10. T. Noiri, On ö-continuous functions, 1. Korean Math. Soc. 16 (1980), 161-166. 


11. 


STRONGLY 0-p-CONTINUOUS FUNCTIONS 39 


T. Noiri and V. Popa, Weak forms of faint-continuity, Bull, Math. Soc. Sci. Math. 
Roumanie 34(82) (1990), 263—270. 


12. T. Noiri and V. Popa, On almost B-continuous functions, Acta Math. Hungar. 79 (1998), 
329—339. 
13. J. H. Park and Y. B. Park, On Sp-regular spaces, J. Indian Acad. Math. 17 (1995), 
212-218. 
14. V. Popa and T. Noiri, Ол B-continuous functions, Real Anal. Exchange 18 (1992/93), 
544—548. 
15. V. Popa and T. Noiri, Weakly B-continuous functions, Anal. Univ. Timisoara Ser. Mat.- 
Inform 32 (1994), 83-92. 
16. N. V. Veličko, H-closed Topological spaces, Amer. Math. Soc. Transl. (2) 78 (1968), 
103-118. 
Takashi Noiri Valeriu Popa 
Department of Mathematics : Department of Mathematics 
Yatsushiro College of Technology University of Bacáu 
Yatsushiro, Kumamoto, 8668501 5500 Bacáu 
JAPAN RUMANIA 


e-mail : noiri@as.yatsushiro-nct.ac.jp e-mail : vpopa@ub.ro 


Jour. Pure Math., Vol..19, 2002, рр. 41-47 |. | 


5-А RADICAL ОҒ А NEAR-RING WITH CHAIN CONDITION 
Hiren К. Sarkis 


ABSTRACT : This papaer deals with results on near-rings with ascending chain conditions on 
annihilators having no infinite direct sum of ideals (subgroups) and with parts satisfying the acc or 
the dcc on its substructures. The s-A radical of such parts gives the corresponding factor near-ring 
a similar structure. A countable s-A radical has no essential extension in N. A minimal ideal satisfying 
the acc on its left N-subgroups satisfies the descending chain conditions. In some cases the s-A radical 
coincides with the right annihilator of the left annihilator of the s-A radical coincides with the right 
annihilator of the left annihilator of the s-A radical. If the socle of N is with dcc on its N-subgroups 
than N also inherits the same character. 
. Mathematics Subject Classification (AMS 2000) : 16 Y 30, 16 Р 40, 16 Р 60 

Key words and phrases : Near-rings, s-A radical, Essential N-subgroup, Socle, Annihilators, chain 
conditions. 3 


1. INTRODUCTION 


The study of пеаг-г 5 with chain conditions is well developed [2,3,6,8,9] but the 
modifications on conditions such as ascending chain or descending chain on substructures 
of near-rings have left scopes for further studies. In our continuous afford we have studied 
near rings satisfying acc on annihilator[2,3,6]. The objective of this work is on near rings 
with acc on annihilators having no infinite direct sum of ideals(subgroups) and with parts 
satisfying the acc or the dcc on its substructures. The utility of such substructures motivates 
one to study the strictly Artinian radical (s A radical) of such a near-ring. Slicing a radical 
out from near-ring will yield a simpler and amenable near-ring. Further information about 
the original near-ring from the structure of the sliced radical can be also expected. 


In [3] we introduced the concept of such a particular type of radical substructure, termed 
as striclty Artinian radical. We define a.strictly Artinian radical, the s A radical as the sum 
S-A(N) of all left ideals of N, each satisfying the dcc on its left N-subgroups. This paper 
deals with results on this radical character of a strongly semiprime near-ring N satisfying 
the conditions : 


() N has no infinite independent family of left N- subgroups of it 


and (1) М satisfies the асс on left annihilators of subsets of М. 
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Here we prove the inheritance of dcc of a near-ring modulo the left annhilator of & 
countable s А radical. The s А radical has no countable extensions in N. If N is with acc 
on its left N-subgroups and s-A(N) is an invariant subnear-ring of N then s-A(N) = r(1(s- 
A(N)). If the socle of N is with dcc on its N-subgroups then N is also with dcc on its 
left N-subgroups. 


2. DEFINITIONS AND NOTATIONS 


АП basic definitions used іп the paper are referred to Pilz [9]. Throughout the paper 
N stands for a zero symmetric right dgnr with unity. E will denote a left N-group ,E. A 
left N-subgroup A of N will mean an N-subgroup of „N and left ideal of N will mean an 
idal of N will mean an ideal of „М. Let A and В be two left N-subgroups of М, with. A 
с B then A is said to be an essential left N-subgroup of B, if any N-subgroup C ( 0) 
of B has non zero intersection with А. If A is an essential left N-subgroup of B we say 
В is an essential extension of А in М. A left N-subgroup А of М is a weakly essential left 
N-subgroup of М if for any left ideal I (+ 0) of М, AM I (0). It is clear that an essential 
left N-subgroup of N is a weakly essential left N-subgroup of it. But the converse is not 
true. 


In the near-ring М = (0, a, b, c, x, у} defined as in (H) 53, (9, p.342 (37)] we note 
that (0,3), (0,5), {0,c}, {0,х,у} are proper non zero left N-subgroups where {0,x,y} is a 
left ideal. This is not an essential left N-subgroup though it is weakly essential. А left ideal 
which is weakly essential as a left N-subgroup is an essential left ideal of N. Near-ring N 
is left singular if no non-zero element of N annihilates any essential left N-subgroup of N 
from the right. An element x є № is regular if there is an element y Е N such that xyx 
= x and N is regular if each element of М is regular. Меаг-гіпр N is strongly semi prime | 
if it has no nonzero nilpotent subset. It is easy to see that a regular near-ring is always strongly 
semiprime, And a partial converse of it is seen in Oswald [Corollary 4., [7]]. The collection 
of all maximal left annihilators of the type (P =) 1 (A), where А is a nonzero left N-subgroup 
of N is denoted by Г. We confine our discussion to the subfamily P ( c Г) ={P | P= 
(А), where А is a nonzero invariant subnear-ring of М). In the near-ring N = {0,a,b,c} under 
addition and multiplication defined as in [9, p.340(7)] the nonzero left N-subsets are (0,a], 
(0,5), {0,a,b} and N. Clearly their left annihilators are (0), (0,2) and (0,b). Thus Г = 110,4), 
{0,b}}. On the other hand, nonzero invariant sub near-rings are (0,3), {0,b}} and М and 
their left annihilators аге (0), (0,а), (0,b). Here P = {{0,a}, {0,b}}. Thus this example shows 
Р с Г. In near-ring N = {0,a,b,c} [[1], 2.1, 10], В = (0,5) is the only proper left ideals 
of N and clearly BN = NB = B. If N = {0,a,b,c} is а near-ring as defined in [[1],2.2,13] 
it is seen that А = (0,3), В = (05) and C = (0) are proper left ideals of N. Clearly, 
АВ = B, ВА = (0), ВС = (0), CB = B, AC = C, CA = A, A? = А, В? =.(0) and 
Chee. 


The above examples show that any finite product of (left) ideals is an (left) ideal. In 
case of strongly regular near-ring we get that finite product of (left) ideals is an (left) ideal 


8-А RADICAL OF А NEAR-RING WITH CHAIN CONDITION 43 


"as in [5]. In this sense such near-rings are termed as (left) ideal closed near-rings, in short 
(14) closed near-rings. Thus a strongly regular near-ring is (11) closed. But the near-rings 
given above are not strongly regular though the product of two ideals is again an ideal. So, 
an (14) closed near-ring need not be strongly regular. М is called (1,1) closed if any finite 
product of left ideals is also a left ideal [3]. We define s A redical of N as the sum 5-А(М) 
of all left ideals of М, each satisfying the dcc оп its left N-subgroups. 


If N is with dcc on its left N-subgroups then s-A(N) - М and if М has non zero left 
ideals with dcc on its left N-subgroups then s-A(N) - (0). 


Z 
N -| 0 2 is а near-ring with acc on its left annihilators and it has по infinite direct 


sum of left ideals. If е, denotes the matrix with 1 in the (i,j)th position апа 058 elsewhere, 
then the left ideals Qe,,, Qe,,, of М are with dcc on its N-subgroups (where Qe,,, Qe,,, denote 
the set of all 2X2 matrices with an arbitrary element of Q in the (1,2)th-position and (2,2)th- 
position respectively). Here s-A(N) = Ое, + Qe,,. 


Socle of E denoted by Soc(E) is the sum of all simple ideals of E. Soc(E) is also 
the intersection of all essential ideals of E [66]. N-group E is finitely N-cogenerated in case 
for every set of N-subgroups of E, ^ A = 0 implies ^ Е = 0 for some finite Е c A. 


Now we note the following. 


Note 2.1. If N is strongly semiprime near-ring with acc on left annihilators then N 
is left non singular. 


Note 2.2. If N satisfies the acc on annihilators than Z,(N) is a nil invariant subset 
of N. 


Note 2.3. If for some nonzero left N-subgroup А of a strongly semiprime near-ring 
N, P = ҚА) is a maximal left annihilator then P is a minimal strongly prime ideal. 


Note 2.4. If for some nonzero left N-subgroup A of a strongly semiprime near-ring 
N, P « 1(A) is a maximal left annihilator then P is a minimal strongly prime ideal. 


3. PRELIMINARIES 
Lemma 3.1. If М satisfies the acc on left annihilators, then Z,(N) is nilpotent. 


Proof. We write Z = Z(N). As Z 2 222 ..., we get 1(Z) с 1(22) ...Since N satisfies 
the acc on left annihilators, we have a t є Z* such that 1(Z) = 1(Z*!) =... 


If 78! x (0) then there is an element a в Z such that а7 = (0). 
We choose 1(a) as large as possible with а2 # (0) 
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Now b е Z gives 10) с, М which implies 1(b) ^ Na ғ (0) and so na е 1(b), na 
#0 for some n е N. Z being invariant N-subset of М, we have ab є Z. Also Га) c 1(ab). 
Now па # 0 and nab = 0 gives (а) c Цар) So, the choice of a gives that abZ' 
- (0). | 

Thus, ай“! = (0), a contradiction and hence, 7%! = (0) implies Z is nilpotent. 


Lemma 32. ҒА с, E В с, E then AN Bc, Е 


Proof. Let D (+ 0) be an N-subgroup of E. As А с, E,.A ^ D = (0). Або A с 
D is ап N-subgroup of E and B с, E gives (A ^ D ) A B x (0) implies (A п B) A 
D ж (0). Thus AN B c, E. 


Lemma 3.3. If. A, В are left N-subgroups of М with A c B and A, B/A satisfy the 
dcc on its N-subgroups then B is also with dcc on its N-subgroups. 


Proof. Let B, 2 B, 2... ... ... be a descending chain of N-subgroups of B. Since 
B/A is with dcc on Из N-subgroups, there is an r є Z* such that В + А = В + A. Also 
А is with dcc on its N-subgruops implies there is an integer s е Z* such that A г В, = 
ANB, ЮА г\ В, р А с B, о... is a descending chain of N-subgroups of А. Now, 
if't = max(rs) then B, = B, п (B, + A) implies B, п (В, + A) = В, + (В, ПА) = 
B, + (Ba O A) = B,,. Thus, B is with dec on its N-subgroups. | 

Lemma 3.4. If I is a finitely generated N-group апа М is with dcc on its left N-subgroups 
then I is with dcc on its N-subgroups. 


Proof. As I is finitely generated, we have. finite set (i, i, ..1} c 1 such that 


М.Ө... ӨМ, > I 0 is exact. Since М is with dcc on its N-subgroups, № = Ф 
М is also so. As I is isomorphic to a factor of МЕ we get I is with dcc on its N-subgroups. 


Lemma 3.5. If N-group E is with dcc on its N-subgroups then E is finitely 
N-cogenerated. 

Proof. Let A be the collection of N-subgroups of E with dcc on its N-subgroups. If 
п А = 0 апа В = { OF | is a finite sub collection of A} then B has a minimal element. 
Since NA = 0, it follows that this minimal element must be zero. So for some finite subclass 
F of A, СЕ - 0. Thus the result follows. 

Lemma 3.6. If N-group E is with dcc on its N-subgroups then Soc E is essential 
in E. | 

Proof. Let B be an ideal of E with (SocE) ^ В = €. Now Soc E = intersection of 
all essential ideals of E. Since E is finitely cogenerated by 3.5. So, there exists essential 
ideals I, І, ..1, of E with ото... Оо B = 0. Also І, L, ... I, are essential 
in E. By 3.19, 1 ALAO.. n I, с, Е. Thus В = 0 giving thereby Soc E c, E. 
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As in ring theory we get the following Lemma. 


Lemma 3.7. If N-group E is with dcc on its шанаа and 1. is ап N-subgroup 
of E then SocL = L п боёЕ. 

Lemma 3.8. If I 18 a left ideal of a strongly semiprime near-ring N and if М/Т) 
(= М) satisfies the dcc on its left N-subgroups then I also satisfies the dcc on its N-subgroups. 


. Proof. If A, 2 А, 2 ... is a descending chain of N-subgroups of I then we get a 
descending chain Q, 2 Q, 2 ... of left N-subgroups of N where О = {а + 10 [а є 
А}. As N is with dcc on its left N-subgroups so, О = О, for some t е 77. Now A, 
гэ 10) с А and 1(1) implies А п 10) с I. So КА, п 10).P с 1 = (0) which gives 
ГА с КОР = (0). And N being strongly semiprime A, © 10) = (0). Thus for all i, А с 
1(D = (0). So, О = Q, = А = А, =... The result follows. 

For two left ideals A, B of N, (A + B)/B and А/(А п B) are isomorphic. If A, 
В are with dcc on their N-subgroups A ^ B is also so. Thus (A + B)/B is also with dcc 
on its N-subgroups. Hence А + B is with dcc on its N-subgroups. Thus we easily get. 


Lemma 3.9. (3] s-A(N) is a left ideal of N and it satisfies the dcc on its N-subgroups. 


Z Е 
Іп case of М = Е | Е = 7/27, it satisfies the condition that for ideals I and 


X, if N/X is with асс on N-subgroups then there is an ideal Y such that N/ Y is also 
is so. 


The following result applies to near-ring N which satisfies the property that if N/X 
is with dcc on its N-subgroup then so is Х/ Y. The property that М is a (1,1) closed near- 
ring plays an important role. 


Lemma 3.10. [3] If N is a strongly semiprime near-ring as above and is with 
distributively generated left annihilators, s-A(N) is minimal and countable invariant sub near- 
ring then for any minimal strongly prime ideals of N with dcc оп its left N-subgrups, 
s-A(N) + 1(s-A(N)) contains a non zero divisor. 


4. MAIN RESULTS 
We now prove our main results on s-A radical of a strongly semiprime near-ring. 


Theorem 4.1. Let N be a strongly semiprime near-ring. If s-A(N) is countable then 
s-A(N) has no countable essential extension in N. 


Proof. Let B be a proper countable left N-subgroup of N such that s-A(N) is an essential 
left N-subgroup of В. So В has an essential left N-subgoup which satisfies the сс on its 
left N-subgroups. Since В is countable, by Lemma 3.1[6] there exists a finite S = {y,, .. 
У} eB) such that 1(B) = 1(S). 
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We define 9 : М/((В) > Ny, Ө ......... Ө Ny, such that q(x) = (xy, ...ху). For 
any а, b e N/I(B) we get, о(а + b)- g(a) - ó(b) and g(na)-nq(a) n e. М. Also 
ф(а) = ф(Ь) gives (ау, ..., ау) = (by, ... by) and so (a-b)y, = 0. Hence, (a-b) є 1(y), 
for i = 1, ..., t which implies a-b € Ку) су... ^ Қу) = ЦВ). Thus, a=b. And so Ф 
being an N-monomorphism, N/1(B)) can be embedded in Ny, Ө ......... Ө Ny, as an 
N-group and thus N/1(B) is embedded in the direct sum of a finite number of copies of 
B. Also N /1(B) has an essential left N-subgroup (s-A(N) Ф 1(B)) / ЦВ) which satisfies the 
dcc on its left N-subgroups, as s-A(N) is with dcc. Thus N /1(B) has an essential left subgroup 
with dcc on its left N-subgroups. By Lemma 3.6 and 3.7, М = Soc (N /1(В)) is an essential 
left N-subgroups of N/1(B). If x є 1(М), for some хе N/1(B) then xM = (0). Since М 
is strongly semiprime, 1(M) c (М). Thus ХМ.- Mx = 0 implies x є Z,(N/1(B)) and so 
(М) = Z,(N/1(B)). | 

If N is the nil radical of N/1(B)_ then it is the 14354 nil ideal which gives Z ZNI 
(В) с N and thus (М) c М. By what we have got, M is with dcc on its left N/1(B) 
( = N)-subgroups. So N/1(M) is with dcc on its N-subgroups and thus N/N is with dcc 
on its N-subgroups. So by Lemma 3.8, В satisfies the dcc on its left N-subgroups. Therefore 
В с s-A(N) which gives s-A(N) = В, a contradiction. Thus, s-A(N) has no countable essential 
extension in N. 

Theorem 4.2. Let N be a strongly semiprime near-ring. If s-A(N) is сан then 
the N-group N/1(s-A(N)) satisfies the dcc on its N-subgroups. 

Proof. s-A(N) being countable, by Lemma 3.1[6], there is a finite set 5- {Yp -e y} 
s-A(N) such that 1(5-А(М)) = (у) п... A Цу) = 1(S). As in the above theorem 
М /1(s-A(N)) can be embedded in Му, Ө ......... Ө Му, as an N-group. Thus М /1(8-А(М)) 
satisfies the dcc on its N-subgroups. i | 


Theorem 4.3. If М is аз above then 5-А(М /5-А(М)) = (0). | 

Proof. Let I be а left ideal of N each such that s-A(N) I and І/ 5-А(М) be with dcc 
on its left (N/s-A(N) =) N subgroups. If J/s-A(N) is an N-subgroup of 1/ s-A(N) then 
it is an N-subgroup of I/ s-A(N). Hence I/ s-A(N) is with dcc on its left N-subgroups. Ву 
Lemma 3.9, s-A(N) is with dcc on its left N-subgroups. Thus by Lemma 3.3, I satisfies the 
dcc on its N-subgroups. So, I c s-A(N) which gives I = s-A(N). Therefore М /s-A(N) does 
not have any nonzero left ideal with dcc on its N-subgroups. This A 5-А(М /s-A(N)) 

Theorem 4.4. Let N be a strongly semiprime near-ring: If s-A(N) is an invariant sub 
near-ring of N then s-A(N) = r(1(s-A(N)). 

Proof. We denote s-A(N) by К. By theorem 42 М/1 (к) жайна the dcc оп its N- 
subgroups. We consider the map N/1(K) X r(1(K)) > r(1(K)) by x, а — xa. The map 
is well defined. For if Х=у then x-y є (ҚҚ). Now a є r(1(K)) gives 1(K)o = (0) and 


so ха = ya. Also (X+¥)a = Ха ус, (X у)а = х (Ya) and Та = о So, r(1(K)) is 
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a left N/1(K) group. As N satisfies the acc on its N-subgroups, r(1(K)) is with dcc on its 
М /1(K)-subgroups. So, r(1(K)) satisfies the dcc on its N-subgroups. Thus r(1(K)) с К. Also 
if x К then 1(K) x = (0) implies x € r(I(K)). So, К с ККК)). Thus К = r(1(K)). 

Theorem 4.5. Let М be a strongly semiprime near-ring as in Lemma 3.10. If Soc(N) 
is essential in N and Soc(N) is with dcc on its N-subgroups then N is also with dcc on 
its N-subgroups. 

Proof. We set К = s-A(N). By lemma 3.10, К + (К) contains a non-zero divisor с. 
Using Lemma 3.2 [6] we get Nc is an essential left N-subgroup of N. If x € r(Nc) then 
Nex = 0. Since М is strongly semiprime with acc оп annihilators, by Note 2.1, Z,(N) = 0. 
So, Nc being essential subgoup of N we get x = 0. Thus, (Мс) = (0). Also, № с К + 
1(K) gives КК + 1(K)) с r(Nc) = (0) and so КК + 1(K)) = (0). Since, r(K) N r(1(K)) 
с КК + 1(K)) = (0). So we get (К) A r(1(K)) = (0). Hence by Theorem 44, (К) п К 
= (0). Since Soc (М) is with dcc on its N-subgroups and Soc(N) is an essential left ideal 
of N we get Soc(N) c К and thus Soc(N) гэ ҚК) = 0. Hence r(K) = (0). Now, К = r(1(K)) 
= r(r(K)) = r(0) = М. Thus, М is with dcc on its left N-subgroups. 
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INTEGRATION OF A MORE GENERAL CLASS 
OF FUNCTION ON A TOPOLOGICAL SPACE 


S. Simna Roy * 


ABSTRACT : Applying the concepts of regular @Baire measure [2] and regular @Borel measure 
[3], we here introduce the concept of integration of @-Baire functions [2] and 6-Воге! functions [3] 
with H-set support and finally we give an analogue but a generalized version of the: famous Riesz- 
Markoff represantation theorem. КҮТ 
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Key words and phrases : Locally @H-closed space [5], @-CR-space [5], 0-Т,-врасе [5], ‘Bopen set 
[6], &-closed set [6], H-set [6], @-Baire set [2], 9-Воге! set [3], Continuous function with H-set support 
[2], Simple @Batre function [2], @-Baire measure [2], 0-Воге! measure [3], O-content [3], regular 6- 
content [3]. : - 2 


1. INTRODUCTION 


The theory of integration сап be developed оп two types of topological spaces, viz., 
locally compact T,-space and complete metric space. We know that every continuous function 
with compact support is integrable on a locally compact Т,-ѕрасе with respect to a-regular 
Baire measure or regular Boarel measure. In [5] a class of topological spaces is innovated 
viz., locally 6-Н closed, 6-CR, Ө-Т, space which is more general than a locally compact T,- 
space in а non-regular space ; also in [3], it is shown that on a locally @-H-closed; 6-CR, 
Ө-Т, space, there always exists a regular 9-Воге] measure. Using all these concepts,: we here 
introduce the concept of integration of a continuous function with H-set support with respect 
to a regular 6-Ваіге measure or 0-Воге! measure on a locally @-H-closed, 6-CR, Ө-Т, space 
as is done by first integrating characteristic functions and subsequently, simple functions, non- 
negative *-measurable functions, then *-measurable functions in general (*—denoting either 
Baire or Borel). 2 | 

Theorem 4.13. [3], which ascertain the possibility of extending a @Baire measure v 
on a locally @H-closed, 0-СБ, Ө-Т, space X to a unique regular 0-Воге! measure и might 
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however arouse an atom of ambiguity which requires a solution at the very outset for the 
sake of consistency and this shall be done in Theorem 1.1 of next article. 


However throughout the whole paper we would be primarily interested in the relationship 
between a regular 6-Воге! measure and the integral which it assigns to continuous functions 
with H-set support. 

Unless otherwise stated X shall denote a locally Ө-Н-сІоѕей, 6-СЕ, Ө-Т, space and H 
shall denote the class of all continuous functions on X with H-set support. 

PREREQUISITES 


0.1. Let A be an H-set and U be a @open set in X with А с U ensure the existence 
of some f е H such that f = 0 on X\U, f= 1 on А and 0 < f € 1 [2]. > 


0.2. The class of all 0-Baire functions is the smallest class of real-valued continuous 
functions on X which contains H and is closed under sequential pointwise limit [2]. 


0.3. If f is integrable, g is measureable and f = g а.е. then в is also integrable and 
| ми» | гада. 
0.4. If f is measurable, g is integrable and |/|<|g| a.e., then f is integrable [4]. 


1. INTEGRATION OF CONTINUOUS FUNCTIONS WITH H-SET SUPPORT 
"Theorem 1.1. Let и be а @-Borel measure on X. and v the 0-Вайе restriction of и. 
if:f-is a 0-Baire function, then f is u-integrable if and only if it is v-integrable, and in this 
case | Аи = | fav. 


‚ . Proof. As_usual, there shall be по loss of generality if we consider f 2 0; with the 


а 


.usual.practice ме can select а sequence of simple @-Baire functions such that 0< f, T f 


# 0} then evidently ЦОМ) = v(N(f,)) and it is clear that f, is р-іпіертаЫе if and only if 
it is v-integrable, and that in this case we have | fdu- | f,dv; in view of (1), it is now 
assured, by simple measure-theoretic arguments that f is y-integrable if and only if it is v- 
integrable and that in this case the values of the two integrals are equal. 

Example 1.2. Let X be the real line and if т, is the Euclidean topology on X and 
t, is the topology of countable complements on X, we define t to be the smallest topology 


generated by 7, U т,. Let [a,b] be any closed subset of (X, t). Then [a,b] is a compact subset 
of (X,t), also [a,b] is’ an H-set but not compact subset of (X,7). Hence апу real valued 
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continuous function with support [a,b] in (X,7,) is a continuous function with H-set support 
[a,b] in (X,7) but not with compact support. 


Note 1.3. The class H of real valued continuous functions on X with H-set support 
is wider than the class of real valued continuous functions on X with with compact set support 
if X is non-regular. 

Theorem 1.4. If f be a real valued continuous function with H-set support on X, then 
f is v-integrable, where v is the 0-Baire measure. 


Proof. Let C be the H-set such that f = 0 on ХАС. First we prove that f is bounded 
on C. Infact, f(C) is an H-set in IR, Since IR is regular f(C) is compact set in IR. Thus f(C) 
is a bounded set in IR and so f is a bounded function. Let & be an upper bound of f on 


C, then clearly |f(x)s ox, ; also ay, is integrable and f is а 6-Baire function [2] hence 
fis v-measurable [2], so f is v-integrable on X (by 0.4). This completes the- theorem. 


Note 1.5. It follows from Theorem 1.4 that if u is а 0-Borel measure, and v is the 
-Baire restriction of р, then every continuous function with H-set support is v-integrable 
and hence u-integrable by Theorem 1.1. 


With #-denoting the class of continuous functions with H-set support ме ‘сап now 
assure a property common to @Baire measure and regular 0-Borel measure. Infact, if any 
two 0-Baire measure assign the same integral to each f in Н, then they are identical the 
same is true for two @Borel measures as well. 


ШҮ?) 


Theorem 1.6. If v, and У, are 6-Ваіге measure on X such that І fav, = | л, for every 
f in Я then v, = v, 

Proof. Let D be any arbitrary H- G; set, then Хр is a simple 8-Baire functionrand 
there exists a sequence of functions (/) in Я such that 1.4 Xp [2], this imphes that 


Гра v(D), for every @-Baire measure v. Hence [n {у (О) and лд, Lv,(D). But, 


according to assumption І Adv =| f,dv,, for every п. So v,(D)=v,(D) Юг every H- G; 
set ie, v, = v, [2]. 
Theorem 1.7. If u, and u, are regular 0-Borel measures on X such that | Ай = | fa, 


for every f in H, then Ш = U, 
Proof. Let v, be the @Baire restriction of 4, i =1, 2; by Theorems 1.1 and 14 we 


have | fdv = | fdv, for every f in H; hence v, = v, by Theorem 1.6. So it follows that 
HE) = LE) for every @Borel set E[3]. Hence и, = u, 1 
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Lemma 1.8. If f is any integrable 6-Baire function, then there exists а sequence f, 
of integrable simple 0-Baire functions such that f, — f pointwise and | f — f.)dv >0, where 
v denotes the given 0-Baire measure. 


Proof. If suffices to consider the case when f 2 0. By definition of integrability, there 
exists a sequence f. of integrable simple functions such that 05 f, T f, and | fdv is defined 


to be sup Їл dv. Thus Їл dv T [ fav; since f — f, 2 0 we have JF- £o 
= |/»-|Т Ф-0 
Theorem 1.9. Let v Бе б-Ваіге measure on X and suppose f is а v-integrable 6-Baire 


m 
function. Then for every Е > 0, there exists a function g, given by g = Уа, Жл, where 
; j=l 


a's are real numbers and A's are mutually disjoint H- G! sets such that flr-slavse. 


m 
Proof. Without any loss of generality, by Lemma 1.8 we may assume f = УВ, Ха» 
1 


where В 's are real numbers and B's are mutually disjoint 6-Baire sets and v(B) < «оо, for 
all j. If K is maximum of the finite set (8,|:1<)<т) then clearly |f|s К. 


Now, v being regular is inner regular, so for each B, there exists H- G® set A, such 


Е : = 
‘that A, с В and у(В-А) S nk Now, we define a function в = $824. 


gal 


+ 


Then f£-s- XB (us, -3.)7 38s 
у=! 


үзі 
5о Їг-45 в, -А Ур 
This Completes the theorem. 
Our next theorem is an approximation of v-integrable function by a function in Ж 
Theorem 1.10. /f f is any v-integrable function, where v is any 6-Baire measure on 


X, then for any € > 0, there exists a function g Е H such that | If- gldv<e. 
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Proof. In view of Theorem 1.9, we can assume f = by Вх л,» Where B’s are real numbers 
үзі 


and A's are mutually disjoint H- Сў sets. Now corresponding to each Ха, (where A, is ап 
Н- G set) there exists a sequence {f}} of functions from # converging pointwise to Ха, 
[2]. Since linear combination of finite number of functions in His again in 54 so finite linear 
combination of f/'s for j = 1, 2, ..., m is a sequence of functions say {f,} іп Ж converging 


pointwise to f. Hence | fav} converges pointwise to І fdv. So, for each € > 0, there exists 


a continuous function with H-set support from {f} say, f, = g such that | |f — e| dv <=. This 


completes the proof. 


2. APPROXIMATION OF -INTEGRABLE FUNCTION BY A FUNCTION IN Я 


We had studied extensively @-Borel and @-Baire functions along with @-Borel and 6- 
Baire measures in [2] and [3]. The set of @-Borel functions obviously contains the set of 
6-Baire functions which is why it becomes quite pertinent to ask whether 0-Воге! functions 
can be approximated by @-Baire functions. The answer is not only in the affirmative as can 
be seen from the subsequent discussion, but also, even more, every -integrable function where 
и is a regular @-Borel measure, can be approximated by a function in Ж 


Proposition 2.1. Let и be a regular 0-Borel measure and E is any 0-Borel set, then 
there exists а Ө-Ваіге set Е such that Үр- Үр ае. [ИШ]. 


Proof. It is sufficient to prove that for each @-Borel set E, there exists a @-Baire set 
Е such that д(Е А Р) = 0. 


Case I : Let ДЕ) < «оо, By regularity, there exists a sequence of H-sets (C,} such 


that C, c E and ДС.) T WE). Let С = Uc, then clearly С c E апа (С) = WE) i.e., 


a=} 


ШЕ\ Сб) = 0. Using regularity of р, for each n; we may choose an H- Gs set D, such that 


C, c D, and uD, - С.) = 0 [3]; if we take F = р, then F is а 9 Ваше set such that 


n=l 


С c F and WF — G) = 0; so WE А Р) = 0. 


Case П. WE) = œ; then E c [JC where C's are H-sets ; since (C) < «оо for 
i=l 


each i, р is o-finite ; thus there exists a sequence of @Borel sets {Е} of finite measures 
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such that E = UE. Then by case I; for each n; there exists а @-Baire set F, such that 


=I 
ЩЕ АЕ.) = 0; then if we take F = Ur, clearly ЩЕ A F) = 0, since ЕА Е c| Е, АЕ; 
: n=l n=] 
obviously, F is a O-Baire set. 
n Theorem 2.2. If f is any 0-Воге! function and u is a regular @-Borel measure on X, 
then there exists a 0-Baire function h such that f = h ae. 


` "Proof. Here f is any @Borel function, so there exists a sequence [f] of simple 
6-Borel functions converging pointwise to f. Hence by Proposition 2.1, there exists a sequence 
of'simple 6-Baire functions {g,} such that g = f, ae. [ш]. 

So g, f ae. [u]. Let E be the set such that (Е) = 0 and g, > f pointwise оп 
ХХЕ. 


. Let us construct the set F „ by 


(t 1 
ыт воо вог: 


njen 


5.7 then clearly F „is а @-Baire set for each m, n [2]. Consequently, 


Fe Uf. 


m-in-l 


is а @-Baire set. Now, since g, is convergent on X\E, so F с Е and so ЖЕ) = 0. 


Yu 


If we define А, = Xyırg, ; then h, is а Ө-Ваіге function [2] and л, = в, а.е. [ш] and 
hence h, > f a.e. [u]. Then А, the pointwise limit of {h,} is a @Baire function such that 


f=hae. [ци]. 
Finally, we prove that, each ш-ішертаМе @-Bore] function can be approximated by 
functions in H, i.e., corresponding to each w-integrable @-Borel function f, there exists a 


sequence {f,} of functions in H converging pointwise to f and in this case | Ган = іт | Хан. 
Theorem 2.3. Let и be a regular 0-Borel measure X and suppose f is a U-integrable 
0-Borel function, then for every Е > 0, there exists a function -h е H such that Л f -h|dus e. 


. Proof. By Theorem 2.2, there exists a 6-Baire function g such that g = f ae. [и], then 
8 is p-integrable (by 0.4). Let v be the @-Baire restriction of u, then g is v-integrable [by 
Theorem 1.1], then for any е > 0, there exists a function h є Ж such that 
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[Is-Alavse у 1.10] 
> [\e-Aause [by 1.1] 


> у-Н4и<е (since |f —^|X|g — ^| ae. Ш) 
This completes the theorem. 


3. GENERALIZED REPRESENTATION THEOREM 


Notation 3.1. If f is any real valued function on X and E c X, then we write f 2 
E if f) 21 for all x e E and fx) 20 if x e X\E. 


Theorem 3.2. If Е is a positive linear form on Я then there exists a unique regular 


0-Borel measure и such that Е = | fdu, for ай f € H 


Proof. We define a set function 
AH) -inf(F(f): f 2 Н and fe Н} for every H-set Н. 

Since F is positive, A(H) > 0 for every H-set H. Let H be any H-set and V be any 
6-bounded O-open set containing Н. Then there exists a function f Е H such that fx) = 1 
for all x e Н and AX\ V) = 0 and 0 <f < 1 (by 0.1). So H) S Еф < >. Therefore 
À is finite. 

To prove A is monotone, let H, and H, are H-sets such that H, c H, and f 2 H. 
where f е Ж (existence of such function is ensured by 0.1), then f > Н, also and hence 
Ер 2 ХН. Therefore inf(F(f) : f 2 H,) > AH), іе. AH) > МН). 

To prove A is subadditive, let H, and Н, be two H-sets, then if ff, є Ж be such that 
f, 2 H and f, 2 Н, (existence of such function is ensured by 0.1). Then f, + f, 2 Н v 
H,Clead f, +f, € H, so Ff) + Еф) = ЕД + f) 2 АН, Ч H). 

Then clearly 

MH) + AR) = inf FF) + inf F(f) > ACH, o Ну. 

Using subadditivity, we shall prove that A is additive. Suppose H, and H, are disjoint 

H-sets, then as X is 6-Т,, there exist @bounded &open sets W > H, ‘such that WaW, 


= $. So there exists f е H, for i = 1, 2 such that f(H) = 1 and f(X\W) = 0 and 0 < 
f, S 1 (By 0.1). If g € H be such that g 2 A, v H, then 


2 2 2 
Saas ар-на) F(g) 
¿=l i=} 


tl 
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and hence 
AH) + МН) < inf (Fg) : g 2 H, U Hj) 
ie., AH) + AH) 5 MH, о H). 
Using subadditivity, additivity of A follows. Therefore A is а @-content. 


Next we shall show that A is a regular @content. To prove this, let Н be an H-set 
and = > 0, then by definition of А there exists a function f е Я such taht f 2 H and 


FU)S MH) +. 


If о is a real number, 0 < œ < 1 апа К = Г '[@, сэ), then 
Hc 1) с Қа,ө)с 7 Чо,) = К. 
So К is an H-set [2] and since f is real valued continuous function, hence @-continuous ; 


so f^(0,«e) is 6-ореп [since (œ оо) is 6-open]. Clearly, + f2K and = f € Halso 2. Р(х) >21 


for all хє К and t f(x)=0 when x є ХАК. 
Now, AGO i /) =. к(у)< Haan zi 
Бал а а а 2 
By choosing & near enough to 1 we can write Цинь sane. Therefore 
AK) S А(Н) + €. Hence by definition of regular 6-content, A is a regular 6-content. So there 
exists a unique regular 0-Воге! measure u such that ШН) = A(H) for every H-set H. 


Next we show that if fe Жапа f 2 0, then [raus F(f) ...... (1). To prove this 
inequality, by linearity it is sufficient to prove for functions f such that 0 < f < 1. 


For a fixed positive integer m, and for any x for which f(x)e[&,+] we define 


т?т 


yu Jüfréksia 
SUCUS Voificisk<m 


and Хо 


mf - (i-1).. 
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Clearly, Ах) = Xy F,(x), for every x e X . Since f is continuous and hence 


kal 


@-continuous, so the sets U, = f^ (еме 9-ореп, for k = 0, 1, 2, ..., m апа also U,’s 
m 


are monotone decreasing subsets of X with U, = ф (as 0 < f 1). 


We claim that w(U,)< F(f,). ЕН be an H-set contained in И, then F, 2 Н 


` and so 


and hence 


Therefore we can write 


F(f) 


HH) = A(H)S FA); 


H(U,) = sup (H) < F(f,). 


1 т 
(34) 
1 т 
52,00 
ТУ щи, 
т k=l 5 


Ir LL 


юа УЛ т 


К 
I RU) uU] 
k=l 


Skl 1 
улс ши, -0,)--400) 
т т 


kal 


т-1 


DI, /4п-1щй) 
k=! 


«ба 
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J, 740-200) 


IV 


[fau-+u@,) 
Since (U) is finite and m is arbitrary, we have [raus к). 


To complete our proof, it remains to show that Е(/)5 | ған, for every f є H, because 
the reverse inequality ie. | fdus F(f) follows by applying that inequality to -f. 


So let f be a function in H and Н be its H-set support. The definition of А shows 
the existence of a function he +H such that Л > Н and F(h) < МН) + в. If h, = min{h,1}, 
Шеп 


РО) < ЕН) SACH) +e < [hy du+e 


Since h, 2 H, then fh, = f. Since f is real valued continuous function and hence 
O-continuous so f carries H-set to H-sets and hence is closed and bounded there, |f(x)|< B, 
for all x € X, then A, (f + B) 2 0 and A(f + B) е # So by (1), 


[+В < F+ BA) 


= ЕО) + F(Bhy) 
= Е) + ВЕ) 
Therefore, 
[+9 = [fadus | уди 
<  F(f)*BF(h) 
ie, но > Јан p| њан ғ) 


> Гған-Ве [since, FQ) < [№ du+e] 


Since € is arbitrary, 
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[fadus FC) 
Hence the theorem is complete. 
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ON RELATIVE DEFECTS OF MEROMORPHIC FUNCTIONS 


Sanje Kumar DATTA 


“ 


ABSTRACT : In the paper we consider two different meromorphic functions having common roots 
and find some relations involving the relative defects. We also study the relationship between the usual 
defect and the relative defect of a meromorphic function corresponding to distinct zeros and distinct 
poles with the Nevanlinna defect. 


Mathematics Subject Classification (2000) : 30D35, 30D30. 
Key words and phrases : Meromorphic function, Relative defect, Nevanlinna defect. 


1: INTRODUCTION AND NOTATIONS 
Let f, and f, be two non-constant meromorphic functions defined in the open complex 
plane C. Let п, (т.а) denoted the number of common roots in the disk |  r of the two equations 
f, = a and f, = a where a is any complex number and nj(r,a) denotes the number of distinct 
common roots in the disk |z|<r of the two equations f, = a and f, = a. A. P. Singh [3] 
found some relations on relative defects corresponding to the common roots of two 


meromorphic functions. In the paper we further investigate the results of Singh [3] and prove 
some new results on relative defects of the common roots of f, = a and f, = a. 


To start our paper we require the following : 


Let М.(ғ,а)- Pers +7 (0,a)logr 
0 








Matna)- Мо, l "vr. ! )-2М,(ғ,а). 


ин 229 
Also let n? (па), М, (а) etc. denote ће corresponding quantities with respect to 


fi and 9, where К is any non negative integer. 


Now we set the following quantities : 


ое О... 
MEE. Tr, f) * Tt, f) 
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Nara) 


6. (a) = 1- т РТТ) 
Qr в TERIA 
u e 55272117) 
6, (а) = 1- im sop ia oo) 
52 E N (r,a) 


гэе TO, AHAT, fh) 


Let & € CU {оо} For a non-constant meromorphic function f, the Nevanlinna defect (a, 
f) of œ is defined in the following manner. : 


_ N(nOsf) отр 
б(о; = 1-І sup————— = Шт inf—— —— .. 
ie re Tf) ТЕЛ. 


The term 1-lim sip? 

г Т(ғ , 7 ) : 

zeros апа is denoted by O(a, f). The usual defect of a corresponding to distinct poles is 

similarly defined. A. P. Singh [2] introduced the term relative defect for distinct zeros and 

poles and established various relations between it, relative defects and the usual defects. In 

the paper we establish some results on the relationship between Nevanlinna defect, usual and 
relative defect corresponding to distinct zeros and poles in the line of Singh [2]. 


is called the usual defect of & corresponding to distinct 


The following definition is well known. 


Definition 1.1. The relative defect of ‘a’ with respect to Ғ9 corresponding to simple 
zeros is defined аз... с 

A 

ӨС (о5/) = 1- іт ap um) for k = l; 2, 3, хас: 

1300 T(r,f) í ; | 

We do not explain the definitions and standard notations of Nevanlinna theory because 

those are available in [1]. The term S(rf) denotes any quantity satisfying S(rf) = o(T(rf)) 


ОМ RELATIVE DEFECTS OF MEROMORPHIC FUNCTIONS 63 


as r—eo through all values of г if f is of finite order and except possibly for a set of т of 
finite linear measure otherwise. 


2. LEMMA | 
In this section we present a lemma which will be needed in the sequel. 
The following lemma is due to Millox (p.55, (11). 


k 
Lemma 2.1.[1]. Let К be a positive integer and y= Уа f? where a are meromorphic 


1-0 


functions such that Т(га) = S(rf) Then 20 31 S(r, f) 


3. THEOREMS 


In this section we present the main results of the paper. 


Theorem 3.1. Let f, and f, be any two meromorphic functions such that Nr, fi) = 


S(rf) and Nr, №) = S(rf). Also let a (i = 1, 2, ...p) and b (j = 1, 2, ... q) be two sets 
of distinct finite non zero complex mumbers: Then for any positive шиг К. 


3 
Ө,,00) + 46, (0) + Уриа )+ У Ө,0(,)+ 


t] ігі 


1 4 
oorgaan Зона ө «зар, 


=] l 


Proof. From Nevanlinna’s first fundamental theorem and by Lemma 2.1 we get, 


(9 
Т(ғ,Уут тау +001) < мъ +m(r, e )-m(r,—— 70 )+0(1) 


Thus T(r, DEN HT )- Nr, =) + SC, f) 


ж } 


75 
ie, T(r, 5 N) t T(r, f®)- Мор) t Sr, f) ... (1) 


Again by Nevanlinna's second fundamental theorem, 
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g 
ато, f) < Nf) + V Ме, тон gut Fog f) 


үзі 


Therefore from (1) and (2) we obtain, 


= od | ГЭВ: 
qT(r, f) < Rep) Neige Neg Mer f = 
Has 


Since N(r, f?) = N(r,f) and Ne=) 9) 0 it follows from (3), 





ата f) s Y Wo Rl +N f) avos D) SG. f) 
үмі к =D, 7 


Іп view of Nevanlinna's second fundamental theorem, 





pT. f)s Wes peo YR. 7 +S f) 
i=l 6 


Adding (4) and (5) it follows that, 





— 4 1 = = 1 
(p*q)T(r,f)s теам руте) 


ву тон b, =p) + S(r, f) 
үк 


Хө this inequality for f, and f, we get, 
(р + g(T(f) + T(rf)) 


z, 1 Dp 1 1 1 x x 
< [Reb era} val nn Nodo beati p N(r. f )) 


24 1 = 1 1 
Ут а ауа b ——— —)- N(r, FP ab wa 


іт] j=l 





+ 502) + SEE) 


22) 


.. (3) 


.. (4) 


... (5) 


.. (6) 
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P 4 
+У {N a G0) 2N,0,2)) + У UNT Gb)  2NS Gib )) SG f) S0 fa) 


=} у=1 


Р --- — — 
+Ý (N 0.) +2No(ra,)) + Ý (NO (sb) +207056) (Һ.Б) Ее) 


t=] 151 
Now dividing both sides of (7) by T(rf) + T(r,f,) and taking limit superior we get, 
(p*4)&(1—-09,,(0) - 20 - 6, (a)) - 4(0— 6,,(0)) -24(01 — ô (a)) 


р - Р 4 4 
+Уй-Ө„(а)}+2У (1-Oo(a,)} + 90-0/20,)) 29 1-Ө 0) 
1=] j=l 


ml ігі 


ie, p*q€3-909,,(0)-20,(a)43q- 96,4 (0) 246,(а)-3р- ` 


4 
Уө,ал-2Уөуауым-УөФол-2У e à) 
j=l j=l 


tl t=] 


р 4 
ie., @,2(0)+46,2(0)+ У Ө, ,(а)+ У ӨС )+ 


гі j=l 


P. 4 
Ө.(а)ғаб а) У Oo(a,)+ Y 00 (5)) < 3 + 2р + 5q 


t=] ігі 
ə This proves the theorem. 


Theorem 3.2. For any two meromorphic function f, and f, with N (nf) = S(rf) and 
N (rf) = 866) 


09) + Y OWE) +> aaa) +2100) V 600) - 9 Sla) 
i=l j=l t=] 


J=) 
< 3 + 3q + 2pq 


where a, (1 = 1, 2, ...... p) and b, G = 1, 2, ... q) be any two sets of distinct finite 
non zero complex numbers and k is any positive integer. 





Proof. Let us consider F -У ! 
ixl /-а 
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Then by Lemma 1 we obtain, 





Ул r, : Jen. «oo 
f-a, 


ze Hen +00 


| 
| 

ie, ЦЭНЭ 
| 











(к) 22 1 
"^ 2. = 2 унд | 00 





гээшэ -- (8) 


izl 





Adding to УА IE both sides of (8) we get, 
-а, = 


=] 


Y jte EM «Yr :  S(r, f) 
га] fa, р Г ml \ "У-а, | 


1 


-а, 








ie., раТ(,р S qI(rf9) + «Ул 


t=] 


) + 58.0 ... (9) 


Again by Nevanlinna's second fundamental theorem and іп view of N(r, f 9) = № (nf) 
we obtain, 


үзі 


TS) ... (10) 
J 


Now from (9) and (10) it follows that, 





pq T(r,f) < N(r,f) + Non ун r, | + 
f A Т-а, 


1 
N| n= 15607) ... (11) 
Pros 
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Applying (11) for f, and f, we get in view of Nets = S(rf) and Neo = Sif) 
paiT f) + Та} 


1 S 1 | 
“Мн js) "X jr | 
4 1 
у LC | уң, 1 | + S(nf) + S(r£) 
mt ла, faza, | Ж 


[N(2(r,0)+2N® (r,0)) - (N( rb) - 2N (r,b,)} 








М 


: 
за УМ, (a) *2NoG«a,)) + Ss f) + Str, 5) . `... (12) 


i=l 


Dividing both sides of (12) бу T(r,f) + T(rf)-and taking limit superior we obtain, 


pqs {1- {9 (0)}+201- ~0%(0)}+ Y ü- 9.26, 


үзі 


+ XD DE ба}. ' 


i=l, 


ie, р#<3-Ө 0)-20 (0)-34-У Ө б)- ere · 2 


Ј=1 


+3pq = 53 6,2(а,) = 24% буа) 


із] izl 


ie., ө%(0)- У ө%, )+ qY 8, (а) + ; К 


іг! t=] 


g р 
УЕ 3 + 3q + 2pq. 


1531 i=] 


Thus the theorem is proved. 
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Theorem 3.3. Let a (i = 1, 2, ...p) апа b, = (1, 2, ... а) be any two sets of finite 
non zero distinct complex numbers. Then for any two meromorphic functions f, and f, with 


№) = 804), NGE) = 806) 


6/?(0) +20 (0) + ©, (0) + 2O9(7,0) + б, (0) +2959(0)+ +g) > йа, ) 


i=l 


p 
+ 201-4): 0,(4)*2Y 0R) +49, 0) <6 + 2p + 80 + 2pq 
i=] j=) 


үзі 
where К is any positive integer. 
Proof. Adding (6) and (11) we get, 
(p + q + pq) T(rf) 


sen ee 


кам п) al eas т “| Зэ? ... (13) 


jal 





Applying this inequality for f, and f, it follows that, 
“ (P +q + ра ТО) + Төл) 


` 1) f 1 Pi | 
vu 1 1 
Nr [x | ғ. 
КІ “| | A | Пою is "xs 
RED юу М за ыы eve 
DU « = B asd -b, SRM -b, ын ”2 


м = (М№М2(,0) - 2N(? (r,0)) + {N ,(r,0)+2N,(r,0)}+ 








№2050) +200) ++ ФУМ, (а) +20 (r,a, )} 


Ч 
M 1=1 
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ЮУ (н, )*2N$P(r,b)) + За.) + (6) 249) 


jel 
On dividing both sides of (14) by T(rf) + T(rf) and taking limit superior we get, 
р+а+ра  (1-Ө (0)-20-0Ө0(0)-0-Ө(0(0))-20-ӨС (7,0)} 


*q(1—6,,(0)) - 2q(1— 65(0)) неді» 932) 


ік! 


өахө р - өгөр а еве ч- өру 
ігі j=l 


j=l 


L.e., 9000) + 200? (0) + ©, ,(0) - 20, (r,0) +46, , (0) + 2g5, (0) 


+а+ 2» 5(а,)+2(1+ ӘУ, Ө,(а, нау ӨГ (b) «У ӨС (b) 


j=l үзі 
<6+2р+84+2рд. 
This proves the theorem. 


The next theorem is based on the relationship between the usual defect and the relative 
defect of a meromorphic function corresponding to distinct zeros and distinct poles with the 
Nevanlinna defect. 


Theorem 3.4. Let f ba a meromorphic function and a, (i = 1, 2, ...p), b (іш 1, 2, 
. q) are finite distinct complex numbers such that a, # 0, b, # 0. Then for any positive 
integer k, 


3 © (o,f) + G9(0, 7) + G(0,f) а 5(0,f) + 


A+ gy жалы ау өрө, ,Г)524-5. 


gel 


Proof. From (13) we obtain 


1 
Nt. f) кун | 


+а+ S 3 lim sup———— 4 lun su 
u ne dU eec TOU) 


ME 


% | SANJIB KUMAR DATTA 


с sss 07) 
cUm ee Te 





| м» | 
Y i А - ^ 
lim sup———— 


izl Yo T( r, Л) 


= 1 
Mom) 
сМ -b 
юу Шашы л у 
b гэж T(r, f) 


1+4) 


іе, P+ q + ра 
530-Ө(ө,/))-0-Ө 0,/)-0-000,/))-4(1-6(0,73) + 
4 


(lp - 9,5, 2 - Y, 996, /)) 
=) 


yl 


‚ de, 30(%, f) +0270, f)+ &(0, f)+95(0, f) 


| аду ва, f) 29,09, f) s 2445 | 45:19) 


1 Jal 
This proves the theorem. 


The following corollary is a consequence of Theorem 3.4. 


Corollary 3.5. If f is an entire function such that Уб, Р) =1, Шеп for any positive 
ы 


ішерег К, 
4 
(0, у)-Ө(0, f) +4 6(0,-2 OP, f) &q«1. 
jel 
where a, and b have the same meaning as in Theorem 3.4. 
Proof. Since f is entire function Өсе, Afzal. 


4 
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Now in view of У ба.) =1 and ©(<, }) =1 it follows from (15), 


i 


3--Ө (0, f) -- G(0, f) +9 800, f)+(1+q) 


Y e, f)S2q+5 


i=} 


from which the corollary follows. 
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PRODUCT PSEUDO ALGEBRAIC SPACES 
С. C. DEKA 


ABSTRACT : If (X,T,) and (Y,T,) be two p-topological spaces, then T" = (A, X A, : A, е Т, A, 
€ Т,} is defined to be a Product p-topology on X x Y. Finally Product p-topological space and Product 
р-а space are established and some of its properties are discussed here. 

Key words and phrases : Pseudo topological space, Product pseudo topological space and Product 
pseudo algebraic space are denoted by p-topological space, Product p-topological space and Product 
р-а space. 


1. INTRODUCTION 


The aim of this paper is to introduce the notion of Pseudo algebraic spaces. A pseudo 
algebraic space is defined to be a non-empty set having two types of structures—a Pseudo 
topological structure and a Pseudo algebraic structure. We have introduced the notion of sub 
p-a spaces, keeping it in mind that notions of topological subspaces and subgroups go together. 
We have introduced a special kind of mapping from one p-a space to another. These mappings 
are counter-part of homomorphism in algebra and.continuous functions in topology. We call 
these mappings p-a homomorphisms. One of the purposes of the topic 1s to study the elementary 
properties of these p-a homomorphisms and form a basis for further study of p-a spaces. 


Our special interest would be on Product p-topological space. We have introduced a 
p-a structure on Product p-topological space. A Product p-topological space equipped with 
a p-a structure is called a Product p-a space. 


2. PRELIMINARIES 
Definition 2.1. Let X be a non-empty set and T a class of subsets of X such that 
(0 ХеТ 
(ii) there exists an A, е T such that A, с А for every Ae T 
(11) any finite intersection of members of T is a member of T. 


The class T is called a Pseudo topology (p-topology) and the pair (Х,Т) 18 called а 
p-topological space. When there is no scope for confusion, X may be simply called a 
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p-topological space. The members of T are called Pseudo open set (p-open sets) of X. A 
set A, with the property (ii) is called a minimal p-open set. In a p-topological space, there 
is one and only one minimal p-open set. Therefore, a minimal p-open set is referred as the 
minimal p-open set. 


Definition 2.2. A p-topological space (X,T) is said to have a Pseudo algebraic structure 
(p-a structure) if there exists a Pseudo algebraic function, 


a: PX x PX 5 PX ( РХ is the power set of X) 
satisfying the following conditions. 
(i) о(о(А,В), C) = «А, o(B,C), A,B,C, e PX 
(ii) о(А,В) e T if o(A,B) = о(В,А) for A, Be Т 
(ш) if A, с A, B, с B Шел о(А, B) c a(A,B) 
(iv) о(А,А) = o(A,A), А є Рх, where A, is the minimal p-open set. 


We say that the triple (X,T, о) is a p-topological space with a р-а structure о or simply 
a Pseudo algebraic space (p-a space). 


Definition 2.3. A subset A in a p-a space (X,T, o) is called a normal set if о(А,Ү) 
-О(ҰА,У Y e PX 


Definition 2.4. The p-topology T of a p-a space (Х,Т, о) is said to be normal if every 
p-open set is normal and a p-a space is said to be normal if its p-topology is normal. 


Definition 2.5. The p-topology T' on Y which is a non-empty subset of X defined 
by 

T-2(AnY:A є T) is called the relative p-topology on Y and the p-topological 
space (Y, T^) is called a sub p-topological space of (X,T). 


Definition 2.6. A sub p-topological space (Y,T") is called a sub р-а space of a р-а 
space (X,T, а) with a р-а structure œ if a induces а р-а function о’ on PY such that 


(i) o'(A,B) = a(A,B), АВ e PY 

(1) o'(A,B) e T if о(А,В) = о(В,А) for АВ e Т 
and (іш) o'(A',A) = оА,А’), А є PY, where А% is the minimal p-open set in Т. 
Definition 2.7. Let (X,T) and (Y,T") be two p-topological spaces. Let f be a maping 


from X to Y. We say that the mapping f is p-continuous if f~'(A") e T whenever A’ є 
Т and is called p-open if ҚА) е Т” whenever А e T. 


Definition 2.8. Let (X, T,a) and (Y,T',B) be two р-а spaces. 
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А function f : X — Y is called a p-a homomorphism if it is such that 
(i) f is both p-open and p-continuous 
(ii) f(a(A,B)) = B(f(A)f(B), А, В є P 
and (Ш) о ҚА), (В?) = (ВАВ?) A", В” e PY. 
3. PRODUCT PSEUDO ALGEBRAIC SPACES 


Now we establish the Product p-topological space and Product p-a space. 


Proposition 3.1. Let (X,T,) and (Ү,Т,) be two p-topological spaces. Let T" = (A, x 
A,:A, є Т, A, e Т,}. Then Т is a p-topology on X x Y. 


Proof. | 

(ji) XeT,YeT,2XxYeT 

(ii) Let A, and B, be the minimal p-open sets of T, and Т, respectively. 
Then A, x B, e Т. is the minimal p-open set of Т. 

(iii) Let A, x A, B, x B, e T 
(A, x A) п (В, хВ),) = (Ас В) х (А, ОВ) е Т 
since АЕ Т, В, є Т, > A, п В, ЕТ, 
and А, є Т, В, є Т, > А, п B, e T, 
Т is а p-topology on X x Y. 


Remark 3.2. T is called the Product p-topology on X x Y and (X x Y, T^) is called 
the Product p-topological space. 


Proposition 3.3. Let (X,T,,a,) and (Ү,Т,,о,) be two р-а spaces where о, and о, are 
p-a structure on X and Y respectively. 


"Le T = {А x A, : A,e T, A, e T,) be a p-topology on X x Y. 
Let o7 : PX*Y x PXxY > PX*Y be such that 
a (A, x A, B, x Bj) = a(A,B)) x & (A,B) 
Then (X x Y, Т, a’) is a р-а space. 
Proof. We show that о” is a p-a structure on X x Y 
(i) о(о(А, x A, B, x B), C, x C) 
о(о(А,В) x о,(А,В,, C, x C) 
a, (o, (А,В), С) x о (о, ((А,„В,),С,)) 


Ш 


1 


76 “а С DEKA 


6,(A,,0,(B,,C.)) x о0(А,,0(В,„С,)) 

aA, x A, a (B,C) x o(B,,C,)) 

aA, x А„ o(B, х B, (C,xC,)) 

(i) о(А,х А,В, x Bj) = a(A,B) x œ (AB) 

= a,(B,A,)x a,(B,,A,) 

= o°(B, x ВА x А) 

. (А. х A,B, x B) e Т 


ü 


И 


it 


(ш) Let А, с C, A, c C, and B, c D, B, c D, then 
(А, x A,B, x В) = œ (A B) x a,(A„B,) 
с a(C,,D,) x (CD, 
«(Сх C, D, x р) 


П 


(іу) о(А,х ВА x Bj) = о(А,А)х ©(В,В)) 


where A, B, are the minimal p-open sets of T, and 
T, respectively and A, x B, є P, 


= a,(A,, A) x (ВВ) 
= «(А x B, A, x By 
©. a is а р-а structure on X x Y. 
(Хх Y, To ) is a р-а space. 


Remarks 3.4. о” is a called the Product р-а structure and ( X x Y, Т“, a’) is called 
the Product p-a space. 


Example 3.5. Let (Х,Т,,а,) and (Ү,Т.,о,) be two р-а spaces where (Х,Т,) and (Y,T,) 
are two p-topological spaces. 


Let c (A B,) = A, U B, and &(A,B,) -А, B, where А,В, е Т, апа А.В, e T, 
Let T = {A x A, : A, e T, A, є Т, } be the Product p-topology on X x Y. 
Let œ : PX*Y x PX*Y -> PX*Y be such that 
a,(A,,B,) x œ (A,B,) 

= (A, о B) x (A, Y Bj) 
Then ( X x Y, T',o ) is the Product р-а space. 


(А, x A, B, x B,) 


Н 
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Example 3.6. Let (G,,T,,a,) and С,,Т,,о,) be two р-а spaces where С, апа G, are апу 
two groups and Т,, T, are usual p-topologies оп С, and С, and о,0, are usual p-a structures 
on G, and G, respectively. 

Let T = {А x A, : A,e Т, A, e T,) be the 

Product p-topology on X x Y. 

Let а”: POS: хр" рд, be such that 
œ% (A B) x a (A,B) 

(AB) x (AB) 
Then (С, x G,, T',o") is the Product р-а space. 


И 


оХА, x A, B, х Bj) 


li 


4. SUB p-a SPACE OF PRODUCT p-a SPACE 


Proposition 4.1. Let (X,T,,a,) and (Y,T,,a,) be two р-а spaces where (Х,Т,) and (Ү,Т,) 
аге p-topological spaces and о,,0, are usual р-а structures on X,Y respectively. 


Let X=XxB,,B, is the minimal p-open set in Т, 
T-(AxB,:AeT] 
and & -(Ax B,,Bx Bj) = @ (А, В) x Bg 


Then (Х,7,0,) is a sub р-а space of (X x Y, Т”, o") where T" and о” are the Product 
p-topology and Product p-a structure respectively on X x Y. 


Proof. First we Show that T, is a p-topology on X. 

(i) Х-ХхВ,е T, since X e Т. B, is the minimal p-open set in Т, 

(ii) Let A, be the minimal p-open set in T,. Then A, x В, is the minimal p- 

open set in Т. | 

(iii) Let A, x В, A, x B, be any two elements of T, where А,А, е Т, 
Then (A, x B) п (A, x В) = (A, n AJ x B, e Т | 
since A AET = Apo Ale Т, 

. Tj is a p-topology on X. 


Now we show that (X,7,,@,) is a sub р-а space of (X x Y, Т, o). 
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Let à, :P* хрх — РХ be such that. 
(i) Œ (Ax B, B x Bj) = œ (A,B) x B, АВ є T, and B, is the minimal 
p-open set in Т, 
(ii) a (Ах В, B x B)= a,(A,B) x B, 
= о (В,А) x В, 
-0(8х8,Ах8) 
^ (A x B, B x B) e T, 
(iii) @ (A, x B, Ax B) = a(A,A) x B, where A, is the minimal p-open , 
set in T, 
= œ (A,A) x B, 
а(Ах B, A, x В) 


л (X,T,0,) is а sub р-а space of (X x Y, Т“, a^. 


Proposition 4.2. Let (X, T,,o.) and (Ү,Т,,с,) be two р-а spaces where (X, T.) and (Ү,Т,) 
are p-topological spaces, a, and о, are р-а structures on X and Y respectively. Let &T,&) 
be a sub р-а space of (X x Y, Т, o^) where T" and о” are the product p-topology and Product 
p-a structure respectively on X x Y. 


Let f : X.T a) > (X,T,,@%) be an onto mapping such that 
f({x}) = (x) x B, where B, is the minimal p-open set in T, 
Then f is a p-a homomorphism. 
Proof. (i) f(x) = X x B, є Tywhenever X e T, 
2. f is p-open. 
БОд-ҒКХХВ,)-ХетТ, whenever Xe 
^ f is p-continuous. 
-. f is both p-open and p-continuous. 
Gi) f(a,(A,B)) = a (A,B) x B, A,B e T, 
= а (Ах B, B x B) 
= 04(ҚА), ҚВ)) 
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and a,(f ^ (A),f^ (B)) a (F^ (Ax By), f£ (Bx B) 
= a (A,B) 


= f'(æ (А,В) x B) 


(а (А x B,B x By) 
f^ (à, (A.B) 


7. fis а р-а homomorphism. 
Remarks 4.3. (Х,1,,6,) may be identified by (X,T a). 

(X,T,,a,) is called the projection of (X x Y, Т, o") by (Y,T,,«,) 
Similarly we may speak about the projection г 

СҮ,Т,,о,) of (X x Y, Т", о? by (Х,Т„о.). 
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WEAK FINITE OPERATORS 


SALAH MECHERI 


ABSTRACT : Let L(H) denote the algebra of all bounded linear operators on a separable infinite 
dimensional complex Hilbert space H into itself. For A е L(H), we define the derivation д, : L(H) 
ЭН) by (X) = AX - XA. In this paper we introduce the notion of weak finite operators for which 
we give characterization and we prove that this class of operators is norm dense in L(H) by generalizing 
H. Yang and S. N. El alami's results [8], [25]. | 


2000 Mathematics Subject Classification : 47А30, 47В10, 47B47. 
Key words : Derivation, Weak finite operators. 


1. INTRODUCTION | | ҮС 


Let ГАН) be the algebra of all bounded linear operators acting on a complex separable 
Hilbert space H. The generalized derivation operator $ associated with (А,В), defined оп 


L(H) by 
ô s (X) = AX - XB 


was initially studied by M. Rosenblum [13]. The properties of such operators have been much 
studied (see for example [1], [2], [4], [12], [13] and [14]). : 


If A = B, 6,,= 6,: ЦН) > ЦН) is called the inner derivation defined Бу? 
ô, (X) = AX - XA. 
The theory of derivations has been extensively dealt with in the literature (see, [5], 
[8], [9], [11], [16], [17], [18] and [19]. Let Abe the set [Ae LH): 1e (8,7). In [15] we 
gave some operators for which / € R(6,). In [25] Н. Yang, shows that the set X is погт- 


dense in LH). Also S. М. Elalami [8], shows that the set М = «Ав АН): Ге R(Ó,)" +, 1s 
ty Al 


norm-dense in L(H), where RS denotes the weak closure of the range of 6,. In order 
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to generalize these results we prove that the set 7, = [Ae LI): VK хүн) ERG | 


is also norm-dense іп L(H), where ЖН) is the ideal of all compact operators. 
Definition 1.1. We shall say that a certain property (P) (of operators acting on a Hilbert 
space) is a bad property, written b-property. 
(i) If A has the Property (P) and T similar to A, then œ + BA has the property 
(P), for all ое C and В = 0, 
(ii) If A has the property (P) and T similar to A, then T has the property (P), 
апа 
(iii) If A has the property (P) and o(A) гэ OB) = $, then А ӨВ has the property 
(P). 
Example of bad properties are frequent in the literature ; namely, (1) T is not cyclic, 
(2) the spectrum of T is disconnected (or o(T)) has infinitely many components, or c 
components, where c is the power of the continuim), (3) o(T) has non empty interior, (4) 
the commutant of Т is not algebraic, etc., are examples of properties satisfying (1), (ii), (iii). 


Definition 1.2. An operator А Е ЦН) is called weak finite, if 16 R(ó,) . 


Theorem 13. The set 7, = [Ae ЦН): VK e К(НУ1+ К € Вл)" | is norm-dense in 
L(A). 

Proof. By using [10], Theorem 3.5.1, it suffices to prove that the property А в Tw 
is a b-property. It is easy to see that R(0,) = R(6,,,,) for a e C, a #0, B e C and 


ХЕ ЦН); hence if A € T,, then aA + ВЕ Т,, Now if S є L(A) and 5 is invertible, 
then for all X е L(A), 


ЗАХ — XA)S! = (SAS')(SXS"') — (5Х5-7)(5А5-). 


Thus ЗЕ) $^ = К( д: )". Hence if I+ K e R(6,)”, then I + SKS" Е К( gg)” 


It follows by the above argument that if R(6,)” contains / + К, then it is also true for 
all operator similar to A. Hence A є 7, is invariant for similarity. 

Let Е = Н Ө H and B = A Ө C. Suppose that there exists (X ) є 146) such that 
[A ӨС) X, - X (A Ө C) — I, Ө K. Let P, be the orthogonal projection on H, K, 
denotes the compression of К to Н, ie., К, = P,KP,| H and Xa denotes the compression 
of X, to Н. Then AX, - X, A— 9I, ӨК,. So, if A Ө C e T, then Ав T, Note that 
the hypothesis on the spectrum of C can be dropped here. а 
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2. EXAMPLES OF WEAK FINITE OPERATORS 
Theorem 2.1. Every operator А € L(H) which has a pole of order v, is weak finite. 
Proof. The operator А can be decomposed as А = В ӨС on Н = К (P,) Ө С, where 
(В) « 0 on R(P,) and P, is the Riesz projection. Since В is algebraic, 1 ¢ R(6, ) . Hence 
1е К(6,) . н 
Lemma 2.2. ЇГ Н = ӨН, where dim Н, < œ (orthogonal direct sum), and ҒА = 
Ф” (А, on Н, then every operator in RO.) vanishes. Consequently 
К(8,) NAY = (0). 
Proof. Suppose that 
AX, - X,A——P, 
where P is a positive operator and {X,} a generalized sequence in L(T). Noting by Q, the 


a 


orthogonal projection on Н, we get 

АХ — XPA—— Q (РИН, ), 
where X\ is the compression of X, to H, Since dim Н, < ~, О,(РІН,) R(6, ) this implies 
that Q,(PIH,)=0 since this last operator is positive on Н. Then 


0-О,РО,-(УРО,)“(УРО,) 


from where «РО, =0 оғ РО, = 0. As У" 0, =1, it follows that P = 0. 
For the consequence, it suffices to remark that if 
Тек) n(AYy, 
thenT*T e R(,) . о, № 
Lemma 2.3. Let A € ЦН). If A is normal and countable, then every positive. operator 
in R(6,) vanishes. Consequently 
| К(6,) {А} -(0). ; 
Proof. Let T be a positive operator. In the decomposition of 


H=R(A)® ker A, 
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A B 0| ze К ж 
jo ор |* s| 
if Те К(6,). then S - 0 and Ке К(6,) - білсе R(A) is а countable orthogonal 
basis composed of eingenvectors of А. Also R = 0 Бу Lemma 2.2. Since T is positive, it 
results that T = 0. 
Concerning the consequence it suffieces to remark that {AF = (A')'. 
Theorem 2.4. Let АЕ ЦН). If A has a countable spectrum and if P(A) is normal 


for certain non-constant polynomial P, then A is weak finite. 
Proof. It follows from [15, Lemma 3] that we can assume A has no poles. Now suppose 


We can write 





that 
AX, - KA. 
It is easy to see that 
P(A)X, – X,P(A)—— PA), 
which implies that 
Р(А)е RE pay) APAY. 


It follows from Lemma 2.3 that P’(A)=0 and by the theorem of the minimum 
equation [7], Р” vanishes on some neighborhood of ©(А). Hence P is constant, which is 
absurd. м 
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COMMON FIXED POINTS FOR FUZZY MAPPINGS 
WITH THEIR ASSOCIATED MULTIMAPPINGS 


M. S. RATHoRE !, Mamta 5гчсн 2, Sarrra RaTHoRE?, Маулі, SINGH 4 


ABSTRACT : In this paper we obtain a result on fixed points of fuzzy mappings with their associated 
multimappings which extends the result of [15] and [3]. 


1. INTRODUCTION 


Several fixed point theorems for fuzzy mappings have been obtained by researchers 
П, 2, 4-7, 9-14]. Heilpern [7] obtained a fixed point theorem for contractive type fuzzy 
mappings in metric space. Also Lee and Cho (9) studied fixed point theorems for contractive 
type fuzzy mappings which are fuzzy analogue of fixed point theorems for contractive type 
multivalued mappings (see [8]). Lee et al. [10-13] discussed common fixed points of a sequence 
of fuzzy mappings, especially they [13] showed existence of common fixed points for a pair 
of fuzzy mappings. 


2. PRELIMINARIES 
We state some useful notations, definitions and results. 


Definition 2.1. Let (X,d) be any metric linear space. A fuzzy set in X is a function 
with domain X and values in [0,1]. 


Definition 2.2. If A is a fuzzy set and x € X, the function values A(x) (or uA(x) 
is called the grade of membership of x in A. 


Definition 2.3. The a-level set of a fuzzy set A, denoted by 
A, = {x : A(x) 2 a} if æ (0,1) and A, = (x : АС) > 0). 


Definition 2.4. A fuzzy set A is said to be an approximate quantity iff A, is compact 


and convex in X for each а е [0,1] and supA(x)=1. 
xeX 


We denote by W(X) the sub collection of approximate quantities, C(X) the set of compact 
subsets of X, (C(X),H) the Hausdorff metric space and D(A,B) = inf,.4 yer d(x, y). 
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Definition 2.5. Let X be an arbitrary set and Y be any metric linear space. F is said 
to be a fuzzy mapping iff F is a mapping from the set X into W(Y) i.e. F(x) e W(Y) for 


each x е X. 

Definition 2.6. [16] A point p € X is called a fixed point of a fuzy mapping F : 
X > WOO if F (Р) > Е (х), for all x e X. 

Definition 27. [16] If F : X > W(X) be a fuzzy mapping. Then, an associated multi 


mapping F^: Х гэ СВОО is defined Бу 
F^ (х) = ye X: E) = max F,(u)} 


. Definition 2.8. [7] D,(A,B)= inf d(x,y) 
" деА, yeB, 
H, (A, В) = dist(A,, Ba); 
а 
D(A, B) = sup Н, (А, B); 
а 


The following Lemma is due to Heilpern. 
Lemma 2.9. [7] Ї-(х,) C A, then D, (x,B) € Н (А,В) for each B e W(X). 


, Lemma 2.10. F(p) F(x) iff pe F^(p) for all x e X. 


Ray [15] proved the following. 


Theorem 2.11. Let (X,d) be a complete metric space, R* the set of all non negative 
real numbers and w : R* — В+ is a continuous function such that 0 < w(r) < r, for all r 
in R* -{0}. Then self mappings f, g and В of X have а unique common fixed point if 


() d(fx,gy) S d(hxhy) - w(d(hx,hy)), 
(1)  h is continuous, 
Gi) К® v 00 c hQQ. 

Change [3] proved the following theorem. 


Theorem 2.12. Let F, G : X > W(X) be two fuzzy mappings and F^,G^ be their 
associated multimappings respectively. Suppose that for any x,y е X, the following holds 


Н(Е^(х), G*(y)) < ф(а(х,у),4(х, F^(x)),d(x, G^ 9), (у, РОР 


where the function $ satisfies the following conditions 


(i) ф:10,:) —>[0,) is non decreasing for each variable and ф is upper semi continuous, 
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(ii) ф (t,t,t,at,bt) < $ (t), for all t > 0, where $ (t) is a function from (0,99)? into (0,69) 
such that o(t) < t forallt»0,6(00 = 0; а, b = 0, 1, 2; а + b =2. 


Let B» 1, x, € X, x, € F^ (x,) and define a non-negative real sequence as following ; 
и = + ot, – 61): k = 1, 2, ...5 t, = 0; t, > d(x x). 
If (t,} converges, then F^ and G^ have a unique common fixed point. 


3. MAIN RESULT 
We prove the following. 


Theorem 3.1. Let (X,d) be a complete metric space. Let EG : X > W(X) be two 


fuzzy mappings and F^, G^ be their associated multimappings defined from X into C(X) 
(the set of compact subsets of X) satisfying 


(i) H'(F^x,G^Y) < max(D' (x, F^x), D’ (y, G^y), D(x, F^x) (y, G^y) 
О904(с,уХ (х, G^y) + Dy, F^x)]] 
—w(max (D (x, F^x), D^ (y, G^y), D(x, F^x) D(y, G^y), 
(Уау DG, Gy) + Diy, F^x)]] 


for all xy e X; м : Rt  R* a non-decreasing continuous function such that 
0 < w(r) « г, for all г > 0 and w(0) = 0. 


Then there exists a common fixed point of F^ and G^. Also Е and G have a common 
fixed point. 


Proof. Let x, € X. Since C(X) is compact. So we can construct a sequence 
{x,} such that Ху € F^x,, and x,,,€G^x,,,, Vn= 0,1,2 ... with 
d(x,,,x5,4) = D(x;,,F^x;,) and Ч (хин, Ха) = РО, С” Хаң) and 


а(х, , Хэлээ) 5 H(F^x,, ш С^ хэд ) 
Using inequality (1, we have 


4? (х\,х)) < H'(F^xy,G^x,) 
< max (D (хо, F^x,), D (x, G^x,), (хо, F^ xo) (а, б^х,), 


(9а жж, G^) DG ,F^x9)]) 
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—w(max (D? (x,, F^x,), D? (x,,G^x,), (ұу) (ху, G^x,), 
(аба x Р(х, G^x) + р(х, Е^х,)]} 

= max (d? (хо, х), d’ (%1, x2), d (9,3; )d 0,5), (хх 3d (09,5 )) 

—w(max (d" (xs, х), d^ (x, x), dO, x, )d (3,3), 04) d rg X )d(Xq,%2)}) 

< max (d? (xs, x, ), d? (x, x4), d (xs, x, )d (3, хо), 

Qd 3.3; Лау) а(х, х,)} 


—w(max (d? (xs, x, ), d? (х,,х),4(хоьх,)4(х,,хэ), 


(0) (хо, х)14(хо,х1) + d х ДР .. 


If d(x,,x,) > d(x,x,), then we have 
d?(x,,x,) < 4(х,х)- w(d?(x,,x,)), 
leading to a contradiction. Therefore, d(x,,x,) S d(x,x,) and by (1) 
Ф(х,х,) < d'(xyx) - w(d(x,x,)) 
Further using (1), we һауе 
Ф(х,х) < H(G^x, F^x) 
= H(F^x,G^x) 
S max (D' (x7, F^x,), D? (5, G^x,), DG, F^x,) DG, G^x,) 
(аба x DG, G^x,) + Dos, F^x;)) 
—w(max (D? (x,, F^x,), D? (x,, G^x,), D(x;, F^x,) D(x,,G^x,) 
(Жаса, x, JLDGo, C^x ) + (х, F*X2)}) 
= max (d^ (x; xs), d! (хх), (х3) 0,х), 
Qd, x,)d 93, х,)} 
—w(max (d^ (x; ,x,), 4? (хх), (жж), x;), 
02405,2,)d(,x,))). 


This implies with same arguments as above 


dx,x) < Ф(хьх,) - w(d’(x .X,)) 


a 


.. (3) 
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Similarly, 
d(x,x) < d?(x,,x,) - w(d?(x,x,)) ... (4) 
Ф(х,х,,) < d'(x, x) — WIR, х) ... (3) 


Adding (2) to (5), we have 


n=l 
У Wa? (хх) < 4®(ху„х)-4#(х„,х„) S d! Gg.) 
1=0 


п-1 
This implies, Уна (x x) < and limw(d?(x,,x, ,)) =0 2. (6) 


(0 


Since (d^(x,,x,,,) is a decreasing sequence of non-negative terms, therefore (6) implies 


that limd?(x,,x,4;)=0 and so Ши (х,,Х,)-0 
пәс n-o 


Suppose that (х ) is not a Cauchy sequence, then there is an ғ > 0 such that for each 


n 


even integer 2K, there are even integers 2m > 2n > 2K such that dx, .х,) > Е. ... (7) 


Also for each even integer 2k, we can find the least even integer 2m, exceeding 2n 
such that 


du РРО S E ‚eu (8) 
then € < d(x, ,x,) S «хх + ЧА) + Жо,» X) 

This implies d(x wX) > Е as К + оо, 

Using triangular property of metric space, we have 

| dO xu) IR) | 5 dx 

| 005 4954) = OG | S dO x. 

ГА. ХУ) - «хх, | ОО x, a. 

and | d(x, X) — Жох, x) | S Жх, ix, 

which implies on letting lim k — ee, 

dO Xa. T E 46. Хэ Bs OG a) T E 
and d(x). Xan) — €. 


Now using (i), we have 


4? (саты X42) 5 HER"; С^) 


92 М $ ВАТНОВЕ, MAMTA SINGH, SARITA RATHORE, NAVAL SINGH 

< max(D* Qo,,, F^ Xm), D Go, С^), 
DG, F^x,)DOn,4, Сл), 
(dcos, Озь Сы) + Роа хи 
— max(D* (хэц, F^ Xam), D' Go, as G Ханд) 
Г(Худ»Ё Худ) Pa С^) 
(а(х, РО, G^x),,4) + ха, Ё^х,„)]} 

ог (хы 94225 max (2^ (хот x», (КЕЗІН ,Хэдэ2)» 
A(X ym X 1)d (Хэдэн Хәл), 
ат» Xan [dO Хана) + 00» ат} 
—w(max (d? (Ха, Xu od ? (Хул, ала» 
а(х, Kama A Халы» Халал), 
(аб, Ха, dog Хэн) + Ana Хэм )]) 

which implies on letting К — о, 

Е? < Е? ~ w(g) 


which is a contradiction. Thus (х,) is а Cauchy sequence. Since X is complete, so 
(х,) converges to a point и Е X. Thus, we have | 


D? (ху, GU) < Н?(Е^х„,С^и) 
< max (D'(x,,, F^x,,), D? (u, G^u), D(x,,, Эх, )D(u, G^u), 
Qd, u)LD(x,,, G^u) + D(u, F^x,,)]) 
—w(max(D' (x3, Эхэд), D^ (u, G^u), (хэц, F^x,, )D(u, G^u), 
(A)d(x2,,4)[D(%,,G*u) + Du, F^x,.)]] 
< max (d^ (x,, x, 4), D? (u, G^u),d(xs, ха) (и, G^u), 


(аж, DOS, G^u) + D(u, Ех, )]). 


Taking limit n — , we have 
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D? (u, G^u) < max (0, D^ (u, G*u), 0,0} ~ (тах (0, D? (u, G?^u),0,0]) 
D'(u,G^u) < D’ (u, G?u) - w(D? (u,G?u)) 

which implies that ue G^u. 

Similarly, we can prove that ue F^u. Hence ue Ё^ис\С^и. 
Using Lemma 2.10, it is obvious that ие Fun Gu. 


Corollary 3.2. Let (E) be a sequence of fuzzy mappings of X to W (X) and (F^) 
the sequence of its associated multimappings from X to C(X). 


Suppose, for any positive integers i, |; i # j and x,y е X, following condition holds. 
H^(F^x, Ff y) < max(D^ (x, F^x), D’ (y, F^ y), D(x, F^x)D(y, Еу), 
(A)d(x, у) D, Fy) Ху, “ОП 
—w(max{D*(x, Е^х), D' (y, F^y), Dx, F^x) Dy, Fy); 
(4)d(x,y)[D(x, Fry) + Dy, ЕУ) 
where w : R* — R* is a non-decreasing continuous function such that 0 « W (г) < 


г, for all г > 0 and w(0) = 0. Then there exists a fixed point of (F^). 


Corollary 3.5. Let (X, d) be complete metric space and {Е}, {С} the sequence of 


fuzzy mapping of X to W(X) and {F^}, {С^} be the sequences of their associated multi- 
mapping of X to C(X) (the set of compact subsets of X) converging pointwise to the associated 


multimappings F^, G^ of fuzzy mapping F and G respectively, Satisfying 
H*(F7x, G, x) < max (D (x, F7 x), D'(y, G, y), D(x, F/ x) Оу, СУ), 
(Hd, y) DG, Gr y) + ру, 1) 
-w(max (D (x, Fx), D' (G7), DGs E? x) DV, Gey), 
dlx, yD, Gry) + Diy, ХР 


Then F^ and G^ have a unique common fixed point. 


Proof. Let x, € X. Define the sequence {x,} with 


Хан € Fp Xan and Хх), EGP Xi, va-012 . 
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such that (хун ху) < HU), бохан). 
Now, for х,у е X, we have 
ID(y,E?x) - Dy, Е^х)| S Н(Ерх,Е?х): 
ID(y,G7y) - Dy, G^y)! < H(Gy,G^y) 
ID, E^x) - Р(х, F^x)| € Н(Е^х,Е^х) and 
ID(x,G2y) - D(x,G^y)! S Н(бгу,67у). 


Now, since Н is continuous and {Е^},{С^} cnverge pointwise to F^ and G^ 


respectively, hence we get 


Н?(Е^х,С^у) < max (D^ (x, F^x), D’ (y, G^y), D(x, F^x) (y, G^y), 
(A)d(x,y)[D(x, Gy) + Diy, F^x)]) 
—w(max (D? (x, F^x), D^ (y, G^y), D(x, F^x)D(y, G^y), 


dlx, y) LDGs G^y) + DO F^x)]) 


Now rest part of the proof is similar to the proof of the theorem 2.11. . 
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H” RELATION ON А 7-INVERSE SEMIGROUP * 


Yuren Zaang, Gang Їл, XiNzBAI Хо 


ABSTRACT : The aim of this paper is to give a necessary and sufficient condition for the H” relation 
to be a congruence on a T-inverse semigroup. The work of M. К. Sen on an inverse semigroup is 
further developed. 

AMS : 20M10 

Key words : л-іпуегве semigroup, GV-inverse semigroup, H° relation, Congruence. 


1. INTRODUCTION 


In [1], generalized Green's relations 27, R*, H°, T on л-герщаг semigroups are defined. 
It is noted that Ж” relation is a congruence on quasi-clifford semigroups and GY-inverse 
semigroups. However, H” relation is not necessary a congruence on z-orthodox semigroups, 
л-іпуегѕе semigroups, strong -inverse semigroups, and even GV-semigroups. We will give 
a necessary and sufficient condition for ће #” relation to be a congruence on л-шуегзе 
semigroups. As a corollary, the result of [3] is given. 


An element a of semigroup S is called л-гершаг if there exists a positive integer m 
such that a" є a"Sa". The semigroup is called л-гершаг if all its elements are 7-regular. 
In particular, if a л-гершаг semigroup contains only опе idemodent, then it is called а 
m-group. By a л-туегзе semigroup, we mean а 7-regular semigroup in which every regular 
element has an unique inverse element. Call a л-іпуегѕе semigroup stong if its set of 
idempotents forms a subsemigroup. A semigroup is called a GV-semigroup if it is z-regular 
and all its regular elements are completely regular. Call a GV-semigroup GV-inverse if it 
is л-іпуегѕе. By a quasi-clifford semigroup, we mean a GV-inverse semigroup whose set of 
idempotents forms a semilattice. ` 


Throughtout this paper, E(S) is the set of all idempotents of the semigroup S, and Reg 
$ is the set of all regular elements of the semigroup S. Also, we write a" = Ка), where 


alt o£. 


* This work is supported by Shan Dong Natural Science Fundation (Y99A03) and Shan Dong 
Education Committee Foundation (701Р01). 


98 YUFEN ZHANG, GANG LI, XINZHAI XU 


а is an arbitrary element of the regular semigroup S and n is the smallest positive integer 
such that a^ є Reg S. For the sake of convenience, we just call n the smallest regular power 


of a. 
In [1], *-Green's relations on the z-regular semigroup 5 are introduced : 
alb e» Sr(a) = 55); 
ах! «қаз = r(b)S ; 
ad^b <> Sr(a)S = Sr(b)S ; 
"= LOR. 

Throughout this paper, £L, Х and H” are *-Green’s relations on the semigroup S. For 
other notations and terminologies not given in this paper, the reader is refered to the texts 
of J. M. Howie [2] and Bogdanovic [1]. 

2. PRELIMINARIES 


We give here some descriptions for the л-ілуегѕе semigroups, the GV-inverse semigroups 
and the 2/7 relations on the л-іпуегѕе semigroups. 


2 


Lemma 24. [1] Let S be a regular semigroup. Then 
1. Н? is a m-group, for all e е Е(5), where H? is the 7/"-class containing 
eofS$; ` 


‚2. a#'b. if and only if there exists a’eV(r(a)) and b'eV(r(b)) such that 
тада = "Ы and a'r(a)- b'r(b), for all a, b 56; 


3. If S is a 7-group, then the group RegS is an ideal of 5; 


4. S is minverse if and only if there exists a positive integer n such that 


(ef) = (fe e E(S), for. all e, f e EGS); 


` 5. S is strong л-іпуегѕе if and only if E(S) is а semilattice ; if and only if 
Кер5 is an inverse subsemigroup ; 


‚6. Sis a quasi-clifford semigroup if and only if Regs is a clifford subsemigroup 
of S. 


Lemma 2.2. [1] Let S be a л-гершаг semigroup. Then the following conditions are 
equivalent : | 


1. S is GV-inverse ; 


2. S is a semilattice of m-groups ; 
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3. S is а GV-semigroup and there exists a positive integer n such that (ef)* 
= (fey, for all e, f ES; 
4. Н” = T is a semilattice congruence оп 5. 


Lemma 2.3. Let S be a ;rinverse semigroup and aH*b where a, b є S. Then 


Kab)", r(b)rta)", r(ay*r(b), and r(b)*ra) є | |Н; 


eeE(s) 


Proof. Let n be the smallest regular power of r(a)r(b)". Then, by the definition of 
20, we have r(a)r(b) 34 (r(a)r(b) "Ме show here (r(a)r(b))^7£"r(b)r(b)^. Noting that S is 
a л-шуегзе semigroup and using (2) of Lemma 2.1, we can show 


Sr{a)r(by! = Srtb)r(by'r(b)rby" 
= Srb)r(a)"r(a)r(b)"' 
= Sra)r(b)" 
= Sr(a)r(a)"r(a)r(b)' 
= Sr(b)r(by'rla)r(by" 
= Srtb)r(b)"r(b)r(b)"rLa)r(b)"' 
_ = Sr(byr(ay'r(a)r(b) rayo)" 
= Sr(byr(a) G(ayr(b)"* 
= Sr(b)r(ay'r(b)r(b) (ria)r(b) 
е Sr(b)r(b) (r(a)r(b)?y 
Sr(b)r(a)  G(a)r(b) Y 
с Sr(b)r(b) G(a)r(b) Y 
(ves 
с Saby Y. 


Also 
S(r(a)yr(b) = S(r(a)r(b)" r(byr(b)" 
с Sr(b)yr(b)". 
Hence, 
(r(a)yr(b)y c'r(byr(b)". 
Similarly, 


GXa)r(b)^ R'r(b)rtb)". 


100 YUFEN ZHANG, GANG LI, XINZHAI XU 


As a consequence, we derive that 
Gr(a)r(b)") Я (rG)r(b)^ H (b) Kb". 


This leads to r(a)r(b)" € (|Н). Similarly, we can show that r(b)r(a)"',r(a)"'r(b) and 
евЕ(5) E 


r(by'r(a) є (Ін . The proof is completed. 
eaE(S) 


` Lemma 2.4. Let 5 be a -inverse semigroup and H“ is a congruence on S. Then (Ін 
евЕ(5) 


is а GV-inverse subsemigroup of 5. 


Proof. Suppose that a є Н; and b € H; where e, f є Е(5). Let n be a positive 
“integer such that (ef)" = (fe e E(S). Because H* is а congruence on S, we have abH"ef 
and (ар) ер” = (fe)"H*(ba)". If we let m be the smallest regular power of ab and k be 
a positive integer such that m* 2 n, then 


abH (ab) (ab)™ Н". Нару" Н (ef Y" H (eF. 
Hence ab е | JH; since (eff е E(S) Thus, by aH'r(a), | ЈН; is a лчершаг 
5«Е(5) се Е(5) 
subsemigroup of S. Similarly, baH‘(fe)". Consequently, abH’ba. This means that 517 is a 


semilattice congruence on Ur . Hence, by Lemma 2.1 and Lemma 2.2, we finally obtain 
евЕ(8) 


(ІН; is а GV-inverse subsemigroup of 5. 
еєЕ(5) 


3. MAIN RESULTS 

Theorem 3.1. Let 5 be а л-іпуегѕе semigroup. Then 4” relation is a congruence on 

S if and only if T = UR is а GV-inverse subsemigroup of 5 and r(ab)2("r(a)r(b) for 
eaE(S 
ай аЬ є S | 

Proof. By the above lemmas, we only need to prove the sufficiency. 

Suppose now T is a GV-inverse subsemigroup of S and r(ab)3"r(a)r(b) for all a,b 
€ S. Let ая! р, then by Lemma 2.3, we have r(a)r(b)',r(b)r(a)!, r(ay'r(b) and r(b)r(a)" 
є T. If we write #° for the #* relation on T, then since T is GV-inverse semigroup, Ж i 
en congruence on Т. Suppose that с е 5, using the above facts, we immediately 
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r(c)*r(c)r(a)rby? Ж" Karb e) 


H” тау (b) т) суо)“ Harb AEYN 

Hence, there exists x є T such that r(c)!r(c)r(a)r(b)" = xr(a)yr(b)"r(c)r(c)r(b)r(b)". 
By noting that r(by'r(b) = r(a)"'r(a), we can show 

r(c)r(b) = r()r(eY!r(e)r()ri)r(b) = [rie)r(a)yr(Dy ке ]riG)rQ) 

Similarly, there exists y Е T such that 

r(c)yr(b) = [r(e)yr(a)r(b)r(a) Чғсуа). 

Consequently, we derive that r(c)r(a).£ 'r(c)r(b). Also it is obvious that r(c)r(a) R"'r(c)r(b). 


Hence r(c)r(a)"r(c)r(b). Thereby, са? r(ca)3t"r(c)r(a)9t r(c)r(b)9( r(cb)3( "cb. This 
shows the #* relation on S is a left congruence on S. In the same way, we can obtain ас 
Hbc, that is Я” is right compatible. Thus, 4” is indeed а congruence on S. The proof is 
completed. 


Corollary 3.2. Let 5 be a strong л-іпуегѕе semigroup. Then Я” is a congruence on 
S if and only if T = Ua: is a quasi-clifford subsemigroup of S and r(ab)9í"r(a)r(b) for 


eeE(s) 


all ab є $. 


Proof. By noting that a GV-inverse semigroup whose set of all idempotents forms a 
semilattice is a quasi-clifford semigroup, the proof is completed. 


Corollary 3.3 [3] Let S be a inverse semigroup, then H° is a congruence on $ if and 
only if Ur is a clifford subsemigroup of S. 
єєЁ(з) 
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